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PREFACE. 


The fiilfilment of my promise to give an appendix, containing 

solutions or hints for the solution of all the problems given in 

' my Third Edition of Solid Geometry^ has entailed much labour; 

but this labour will not have been thrown away if it should in 

any degree have added to the usefulness of the book ; at all events 

"^ it has enabled me to detect many errors and omissions in the 

^. statement of the problems which might have given trouble to 

'>) the student. A table of these errata is given on the following 

"^ page. 

"^ Mr. Chree, Mr. Berry, and Mr. Eichmond have shewn no 

discontinuity in their kindness, for they have not only corrected 
^ the proof sheets, but have detected important errors in the problems, 

>? as e.g. in LX. (7) (Mr. Berry), and in LVIII. (3) (Mr. Richmond) ; 
the geometrical solutions of LII. (I) and LXIV. (9) were given 
by Mr. Berry and Mr. Richmond. I wish to thank Mr. Chree 
especially for his superintendence of the printing during my absence 
in the Long Vacation, and I am glad to have this opportunity 
of noticing ,a great, improvement on the last two lines of my 
solution of XLIII, (4), which was suggested by him but 
unfortunately arrived too late, viz. *' if (a?, y, z^ w) be the centre^ 
the left side of (l)=-iZV' 


Errata ik Hints for Solution. 

PA6B 

44, XXXI. (9), reference to fig. 1 is omitted. 

76, L. (2), line 2, for (r^, read I (rf^. 

77, LII. (6), line 2, /or ar'^y-'^, read a;-y »- 
79, LII. (2), line 4, for PS, read QS. 



PROBLEMS. 

Eruata majora, 

PAOE 

113, XT. (8), insert •\-abc — afier cxy, 
128, XZIII. (9), line 6, insert - before x, 

179, XXIX. (1), Hne 12, for J|, read ^3. 

line 13, /or 1, 0, 1, read 1, 0, -1. 

180, XXIX. (9), line 3, xnseH -\-a"4a/{a + b) after y4h, 

225, XXXVI. (9), add for the same height of the laminoos point. 
XXXVn. (7), line 2, dele double. 

226, XXXYIII. (8), acb; a is the intersection of tangent planes at B, C, D. 
236, XL. (3), dele of revolution. 

(7), insert +a' ajier — C'z). 
801, XLIX. (6), /or 4v {1 - c/ J(a* + <?«)}, read 4fira/4{a*+^), 
803, LI. (7), line 3, for the portion, read any portion, 
line 4, for ir, rc<w^ 2ir. 

line 6, ac2i estimated symmetrically with respect to the portion. 
(9), Hne 4, for ; also &c., read along circular parts of their intersection. 

828, LY. (3), add and the central circular sections. 

(5), for conoidal surface, read right conoid. 

829, LYI. (2), line 6, /or tangent... at P, read generator of the scroll through P, 

854, LYII. (7), /or ^ , read (^)'. 

LYIII. (3), add if jp, g be measured along fixed generating lines. 
(4), line 6, for conicoid, read helicoid^l surface. 
856, LX. (2), line 5, insert — before pr<rpTq, 

(6)yfor epicycloid, read hypocycloid. 

(7), line 6, insert +i{<i>{p+iu)-'<p{p — iu)) after f(jp-~iu), 
872, LXII. (1), line 6, for m*, read w. 
889, LXVI. (5), /or n- 2, read 2 (n- 2). 

Errata minora, 

89, XY. (4), /or BC, read PC. 
101, XYni. (14), line 1,/or (11), read (14). 
126, XXI. (10), for 6» - w«, rearf (5« - w«)«. 

181, XXXI. (7), line 4, /or o'^^''^'^, read 27a'^b'*e\ 
224, XXXY. (6), /or «:, read az. 

248, XLII. (8), line 5, add and a^t; a/ier a'b'c. 

249, XLTII. (10), for pair, rea<f pairs. 
276, XLYI. (7), /or /3, rea<f y. ^ 
302, L. (4), /or p/«, read p/x. 

329, LYI. (4), /or i/i, rearf ^. 

664, LYIII. (l),/or square, read rectangular. 

856, ;LX. (7), line 2, /or a, r«arf a. 

lines 9, 10, 11, for index *, read *. 

line 10, emit — before wasp. 

line 11, /or sin«g, reaef sin«p. 
889, LXYI. (3), line 6, /or a'*, rcaci a'. 
^02, LXYn, (6), /or (5a-i + *-»), recwT (5a + b). 


HINTS FOR THE SOLUTION OF PROBLEMS 


IN THE THIBD EDITION OF 


FROST'S SOLID GEOMETRY. 


I. 

(1) Two points (|a, fa, ±2a). 

(2) Prove that (a5-y)* = 0, two pairs of coincident points 
(a, a, a) (— a, —Gj -^ a). 

(5) ' Circle in the plane xy. 

II. 

(1) (i) Cylinder on a circular base touching Oy. (ii) Traces on 
zx^ zy^ parabolas; the section by any plane parallel to vy is a 
straight line, (iii) Sphere, whose centre is (a, 5, c), (iv) Generated 
by parabolas revolving round Oz'^ or by circles, centres in Ozy 
intersecting parabolic traces on xz^ yz, (v) Planes z — ±h cut the 
surface in straight lines through Oz inclined to the plane zx at an 
angle tan"* (Vjc*). (vi) Generated by a hyperbola parallel to 
plane xy, (vii) Generated by an ellipse, one axis constant, the* other 
changing from to oo . (viii) Trace on plane yz the parabola 
y^^cz, and on plane «=A an equal parabola with vertex (A, —A, A), 
generating a parabolic cylinder. 

(2) Fig. page 3, (i) r = o sin 6 gives a circle <n plane POM^ 
touching Oz^ the same for all values of <f>. (ii) If a circle in 
plane xy touch Oy and pass through My r— OM for all values 
of 6y giving a circle in plane POM. (iii) ^ = ^tt + J*"- sin 4<^ for all 
values of r, OP makes z J7rsin4<^ below plane ory^ and generates 
a surface cutting xy where ^ = 0, Jtt, ^tt, &c. 

B 


2 PROBLEMS III, IV. 

III. 

(1) Art. 23, let Z, tw, n be the direction-cosines, I cos a +^m sin a = 0, 
m 8ln7+ nco87 = 0. 

(2) W + mm' + nn'^i, /. (Z- ?)' + ... = 1, Z(Z-0 + - = i 
Z(Z-0 + ... = -i. 

(3) sin'a + sin' (a + 45") + sin' (a + 90') = 1 , /. a + 45' = 0. Also 
cos'a + cos*2a + cos'3a = 1 , /. cos 2a cos 3a cos a = 0. 

(4) Fig. page 44, AE, -B^ perpendicular to GZ>. 
cohAEB^ {2AE'-^AB'')l2AE% and AE^^^/BAB. 

(5) 2 (/* + m*) - [1 + my = w^ = (Z — m)*, the direction-cosines are 
0, Vi, - Vi, and Vi? 0, - Vi* 

(6) Elementary sector of the circular base = elementary triangle 
of surface x ajL 

(7) The relation is not altered when — Z is written for 7, or 
— m for w, or — n for n, 

(8) Areas are as 3:4: 5, and, by Art. 36, \ : ^ : v = 3 : 4 : 5, 

IV. 

( 1 ) cos'a + cob'/3 + cosV = 1 , ' .*. cos (a + 0) cos (a - /3) + cos*7 = 0, 
whatever 7 is, a 4- y8 is least when a = /3, similarly a=7, /. 3 cos'a= 1, 
whence 3a, the least possible value of a + )8 + 7, is found. 

(2) Shew that \Z+|im + m = 0, and X+/a+)/=0; X, /*, v being 
the direction-cosines. 

(3) Shew that c' (aP + 0m^).+ 7 {al + 5m)' = 0, hence that 

Z,Zj : TTijin^ : n^n^ » c*^ + h*y : a'7 -f c*a : J'a + a'/3. 

Condition of parallelism is that of equal roots of the quadratic 
in I, m. 

(4) Similarly. 

(5) X, /A, V direction-cosines required, XZ+...=XZ'+...=:Xr'+. ..=/>, 


.-. Xx 


and X : ft : V = 


1, m , n 

, 7W , W 


1, w , n 
J m J n 

In n 
J m J n 


It , f# 


. •••'• •••• 


Iff 
, w , n 

For the second case, shew that 

I = mn" - w"n', /. X : /i, : v = Z+ f + T : ... : ... . 

(6) Art. 26, w+i?+t(7=2ai87+2i7a+2cai8, P=aV-f ...-2JC/S7... . 


PROBLEMS IV., V. o 

(7) Z, wi, n and Z', m\ n' direction cosines of the lines. Prove 
Z — r = — (tw — w') and Z+Z' = wi + m', /. l^ra\ m — V^ 2hn^—n'j 
(Z-7n)* = 3n', thenZ = i(-l±VJ), w = i(l±Vi), w = ?v^J. 

(8) Art. 25, V, /a', v required direction cosines, 

(9) l-J(Sej'+...= Z(Z + 8Zj+... andl = (Z+aZ/+.... 

(10) Art. 36, a an edge of the cube, 2^, « a' = S^g =* S-4„ 
normal to plane of maximum projection has equal direction cosines 
and maximum area » aV3* 

(11) Let 6 be the inclination of the planes; the perpendicular 
from 2)' on the plane ABC ^ DB cos 0. 

(12j Art. 28, i, Jl/, -^ direction-ratios, 

- Z-f i + i/cosv + jYcos/A = 0, 

and three other equations ; eliminate X, M and JV. 

V. 

(1) a!=«=— i^y, cosa=cos7=— ^cos/S, sec^s-Vfj 8ec2/8 = 3. 

(2) Use the three equations 
(a;-l)(y.-l)(a?-y) = 0, (y-l)(^-l)(y-«) = 0, 

(a-l)(^-l)(a-ar)=:0, 

satisfied by a; = y = 1, x = 1, y = ^, &c , and a? = y = « ; straight 
lines passing through (1, 1, 1). 

(3) Satisfied by d? = y = 2?, direction cosines Vij VJ? VJ« 

(4 ) or' + 2xz = 0, /. straight lines are a? = t), y = and a; =y = — 2^?. 

(5) Straight line is (^-J)/(c-J)-:(y-c)/(a-c) = {«-a)/(6-o) 
perpendicular to straight line 2a;/(6 + c) = 2y/(c4-a)=2^/{a + 6) 
and the other two lines. 

(6) It is the distance from the origin to the projection of the 
line on the plane a^, and is (a7n'^JZj/V(Z*4-m'). Ihe equations are 
tp + «iy = and ^8 = 7, which meets the given line, shew that 
7 (P + 7/1*) + w (aZ+ Jm) = 0. 

(7) Line joining centres of the edge and diagonal is the shortest 
distance = a/ \/2. 

(8) Take y = -id + Bz\c and wia; = -4' + Bz\c for the intersecting 
line. Shew that A'^B and B^Aj and make A — rn\a\n0y 
B'sXcosd. 

(9) The points are [a cos a, a sin a, c) ; {±b cos a, T b sin a, — c). 

(10) Art. 59, cylinder of evanescent radius. Equation may be 
written (wy - mzy + [Iz — nxY + [mx — Zy)* =s 0. 

(11) Art. 64, fo^ the locus, « = i (c - c) = 0. 


4 PROBLEMS YI. 

VI. 

(1) For the given line mj: + wy + fe = a and nx -{• ly + mz = 0, 
:.xi y \ z=^V-mn\ m* - nl : n^ --Im =^ L : M: N. If X, /a, v be 
direction-cosines of the required line, L\ + Mfi + Nv = 0, and 
nX + l/jL + mv^O. At the point of intersection x — \r^ &c., and 
{m\ + w/A + Zi') r = a ; shew that r^ (Z* + ilf * + N*) = aV(^ + w' + n') . 

(2) The straight lines must satisfy the three equations 

(a: + l)(y + l)(^-y)(ar+y-l)=0, (y+l)(« + l)(y-«)(y+«-l) = 0, 

and («+l)(a;+i)(«-a?)(« + a?-l) = 0, 

their equations are of the five types a? + 1 = 0, 5? + 1 = (i), 
^ + 1 = 0, y = «(ii), a;+l = 0,y + « = l (lii), J?«y,y + « = 1 (iv), 
three of each, and x=y = 2? (v) ; (iv) and (v) are four diagonals of 
a cube, 

(3) Eliminate z^ and shew that ^,a?, : y^y^ : z^z^^b-^c : c—a : a-b, 

(4) Shew that mc- nb --{P + m^+ n^)x-hl{lx + my + nz)=^Oi 
Z, 772, n are direction-cosines. 

(5) Shew that vb - fic + {l\ + mfi + nv) ^ - I {\x + /ty + vz) = 0. 

(6) Art. 64, direction cosines of A'C are as 

{BG + ^'fi') cosa : {BC - ^'^) sin a : BB\ 

those of B'A are as cosa : - sina : 0; .*. 5(7cos2a = — -4'-B', 
Similarly £'C' cos 2a = - -45. 

(7) ± a the inclination of the rays to Ox in plane zx^ 13 that of 
the straight line in plane xy of the mirror. Shew that the cosine 
of the angles between the rays and line is cosa cos/3 for each ray. 
Geometrically, the incident ray, and reflected ray produced back- 
wards, are similarly placed with respect to the line. 

(8) ^i^A) ^J/i^t proportional to the direction-cosines of the two 
lines, eliminate z and obtain 

Deduce the value of ajja?,+y,y,+«j0, : \/}{x^yf—xj/^)*+...}=^co&0 : sin^. 

(9) The projections of the straight lines on the plane xy will 
form a harmonic pencil. The equations of the projections are 
toi' (ax' + by') +c{ux + vy)* = and tv* {Ax'+By') +G(ux-\' vy)* = 0, 
when y is given, let ^,ar,, X^^ X^ be the roots of the equations 
A', — a?j : -3r, — a;, = a?, — Jtj : A, — x^y whence 

2x^x, + 2 Aj A, - [x, + x^) (A, + A,) = 0. 

(10) Axes as in Art. 64, r, r distances of points on the two 
lines from the shortest line, (or, y, z) the middle point, 

2a; = (r + /) cos a, 2y = (r — r) sin a, a = 0, 

(r - r'/ cos^'a + (r + ?-')'^ sin'a = constant ; 

.:. locus is an ellipse, y* cos*a + x^ sin*a = constant. 


PROBLEMS tl., Vlt 5 

(11) Sphere, centre 0, cuts the axes in X, Y^ Z] draw ZU 
perpendicular to the side XY oF the spherical triangle XYZ] let 
XU=S, ZU^ylr, triangles ZUX, ZC/Tare right-angled, 

:. cos ^ = bos 1^ cos 5, cos a = cos i|r cos (7 — 8) , 

prove that sin*i^ sin'7 = 1 - cos^a - cos'/8 — 008*7 + 2 cos a cos 13 cos 7, 
z sin ^ is the distance of a point from plane xy. 

(12) S\, 8/LA, 6A', S/m' are increments of X, /a, V, a^' when the 
parameter has an intinitesimal change, at the point of intersection 

VII. 

(1) Equation of the plane being X{x-'a)-\-/jL[y^b) + v{z—c)=0, 
\l+fjLm + vn==0 and \a+M6 + vc = 0, whence \, fju and v; given the 
two lines (x — «)//=... and (a; — a')/Z'= ..., the equations of the 
required line are a{bn — cm) +,,.== (1) and a;(6n'-cW)-f...= (2). 
When f = Z, &c., bo^h equations are satisfied bj xll = yJ7n^zjny 
parallel to the given lines, but the required line will be indeter- 
minate if (1) and (2) be coincident, the condition being 

hn — cm : Vn — dm = cl—an: cl — an. 

(2) Shew that the equation of the plane is x-{-y-\-z—a-{-h-\-c (1). 
Take \(a; — a)+...=0 for the plane through (a, &, c) and (J, c, a). 
Prove that X:/i.:v = a + J — 2c:J + c — 2a:c + o — 2J, and that 
it3 intersection with (1) \^xl[ar'h)=^yj{Jl> — c)^zl{c-a)^ another 
of the intersections is xlij} — c)—yl[c — a)^zj[a'-'b)^ inclined at 
an angle a to the former, where 

± cosa = {(a- J) (i-c)+...}/{(a-J)' + (J- c)' + (c- a)'} =i 

(3) aj-fy + 2 — 3 = 6 and cc + y — 3« + 1 = 0, for the plane 
through the origin 4 (a? +y) — 855 = 0« 

(4) Common point is (1, 3, 2). Plane equally inclined to the 
axes isa5-l+y — 3 + » — 2 = 0* 

(5) By Art. 37, for the dividing point 

a; = {\ (a + Ir) + V (a! + lr)\l{\ -f- V), y = ... j? = ..., 
eliminate r and r\ 

(6) Any point in the line joining (a?, y, s) (as', y', «') satisfies the 
equation A (\a;+\'a) + B(\y-^-\'y')+ a(\Z'\-\'z')+jD(\+X) = 
for all values of \ : \\ 

(7) Where the plane a;/a+... = l meets the diagonal 
aja^ylb^zjc^Sy {afa -^-b/b' -^ c/c) 8 = 1 SLud s='AB jAB. 

(8) P, P' the points (a, &, c), (a , i', c'), the two straight lines 
are FQ parallel to OP', and P'^ to OF] OFQF' is the plane. 

(9) Adding the first two equations gives the third. 


6 PROBLEMS VII., Vni. 

(10) All three are perpendicular to the same line. 

(11) l\ m^ n direction-cosine of a second line, /. \l'-\-fim+vh!^0, 

(12) The two planes are Xx + fi(i/ + 2a) + Qv(z-a) = and 
\'(x + a)-{'2fi'y-12v'z. For the .first of these \ + At+v = 0, 
X + i/i-iv = Oj /. \:/Lt: >'=2: — 3: 1, and the equation becomes 
2a?— 3(y + 2a)-f 6(«-a) = 0, the perpendicular from on this plane 
is ya; similarly for the second the perpendicular from is — ^a. 

(13) A, B, a, D the four points, for BCD, 2^ + y + ^ = ll; 
for GDA^ ^ + .y -f 2^= 9 ; for DAB^ 2; - y = 1 ; for ABO, y - a: = 1 ; 
dihedral angles containing BD and A G, 90' ; AB, 60** ; BD^ GA 
supplementary. 

(14) If ABC be the triangle, GD perpendicular to AB^ AB Is 
perpendicular to plane GOD, whose equation is .'. ax = by. Shew 
that the orthocentre is given by ax^hi/ = cz = (a'^ + b'' + c''^)"^. 


VIII. 

/ix 17 1 T. ax'^^y-\'^z al + l3m + yn 

(1) Each member = ^ — ~ = -« » 7- . 

, ^ "^ lx + my + nz r +m +n 

(2) Any plane through the first is X(^~a)+/t(y-J)+v(^-c)=0, 
if XI + fim + vn = 0, and if it contain the second 

X(a'-a) + fi Q) - J) + V (c' - c) = ; 

/. plane require,d is [m (d — c) — n (V — J)} (« - a) + . . . = 0. The 
condition makes the straight lines coincident and the plane 
indeterminate. 

r^\ Poni, vr^nmKo,. - axVby^-cz la'^rmh^nc 

(6) iliacii member = —7 c — . ,. — y% — ^ = . 

^ ^ a:(7/i— w)+^(w-t)+«(fc— wi) 

(4) Plane through the first is yjb + zjc — 1 + Xo; = 0, and being 
parallel to the second is ylb + zlc — xla^l] plane through the 
second parallel to the first, xfa^zjc-ylb^ 1 ; take the sum of the 
perpendiculars from the origin. 

(5) Plane through the line is \x -^^ fiy •\' vz — 0, where 
\l + [xm + vw = 0, and 

W + tim + vw' = ± cosa V(^' + >' + v') '^(l" + m" + w'O, 
whence the equation of the two planes, since X 1 /t t v-ny—mz 1 ..♦:♦* . 
As the plane turns round the line, there are two positions for every 
angle at which it intersects the given plane, which become coincident 
when the angle is equal to the angle between the given plane and 
line, and this is the least value of ce. 


PROBLEMS VIII. 7 

To shew analytically the coincidence of the two positions ; for 
the critical value of a, (? + ...)(?* + ...) sin*a« (H' +...)', prove 
that (X' + /^' + v') {It + ...)* = (V + ^' + n') {(/in' - vm7+...}, (1) 
write for X* + /li'* -f v*, (Z* -f m* -f n') (^' + y* + «*) - Qx ■\-my + nz)* 
and for /xn — vm', Z (Vx-^-my 4 w'«) — rf? (?f + mm-\- wn'), whence by (1) 
{(P+ m'+ w") (Z'a; + w'y + w';?)- (/f + wm'+ nn') (tc + wiy + nz)Y = 0, 
the geometrical interpretation of which is obvious. 

(6) For a plane « cos^ - aj siny9 + /t^y = 0, cos*)S = (1 + /u,') cos*a 
eliminate fi. 

(7) Take a, a\ &c., for reciprocals of 0-4, 0-4', &c., the three 
lines being the axes. Shew that the intersections of each pair lie 
in the plane (a + a') a: + (6 + V) y + (c + d) z = 2. 

(8) As in Art. 82, since p = o* V3, the bisecting planes are 

(b+c-2a)z-^(c+a -2%+(a+ J-2c)«=± V3 {(J - c)ar+ (c- a)y +(a- J)a} , 

and making a + c = 2J, 3 (- a; + «) = ± \/3 (a; - 2y + «), y = 0, 
(V3±l)a: = (V3Tl)«. 

(9) If the distances of (a?, y, «) from the three planes be each p, 
Pj - 7,a;- 7w,y-V=/>j &c.; .'. ^,i?, + i,;?, + ?,;?,- a? =(Z,+ ?,+ ?,)p, &c. 

(10) Take plane ay parallel to the given plane, and planes 
zx^ zy each to contain one of the lines ; let the equations of the two 
lines be x=^mz-\-f^y=^0] y^nz-^-g^x — Q] and let (^,17, ?) be 
a point in the moving line when its distance from plane xy is ^, 
dividing it in the ratio V : X, 

.-. | = X(7«?+/)/(X + X'), i; = V(i2?+;y)/(X + X'). 

(11) Equate each member to p, eliminate x^ y, and z] 

... (a-p)(&-p)(c^p)-a"(a-p)-i"(5-p)-c"(c-p) + 2a'i'c'=.0, 
giving generally three values of p, and therefore three lines. 

Each member = [{aa — iV) x + {ac — Ih') y]l(a'x — b'y) = &c., 
hence, with the given conditions, either 

ax = h'y = cz or xja -hylb' -i zlc==0. 

(12) Equations of a line intersecting the first two are 

x + y — z- l=aaj and aj + y — »+ 1 = ^8^, (1) 

but where it meets the third line, 2y=aa; and 2a?=/8y, /. a^=4, or 
(a; + y — «)* — 1 = ixy. Where it meets the fourth line « — 1 = aa? 
and a-¥l--0x\ /. a-)8 = 2, /. a = ±\/5 + l, /3 = ±V5-1. 
Equations (l) give a: : y : 5? = /3 : a : (1 — a) /3 -f a ; /. direction- 
cosines of the two lines are as ± V5 — 1 : ± V^ + 1 • 2 (± \/5 — 2). 
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IX. 

(1) Every point in either bisector is equidistant from the two 
given planes. 

(2) For every point in the plane, Ax=:SV with quadriplanar, 
or a;=l with tetrahedral coordinates. Arts. 98, 99. 

(3) Take P a point in -4 0, 
Yo\.PACD=:YolAOCD --YolPOGD, .-. By==AOaD(AO''x). 

(4) For a point at an infinite distance in AB^ « = 0, w = 0, 
and ^+y = 0, by Art. 110, the last being the equation of a plane 
through CD. 

(5) Take P the given point, the plane is PAD^ the line is AP. 

(6) Take P, Q the first points of intersection in AB^ CD, 

x^PBjAB^l, y^PAjBA^^, :, a: = 2y. 

(7) Centre of gravity is the same as of four equal masses placed 
at -4, B, C7, i>, /. distant from BCD = ^p^ ; .-. ^ = J = y = 2? = i^. 

(8) The middle points of AB, CD are (i, i, 0, 0), (0, 0, ^, i), 
.\x = y, z^w is Si, straight line containing both points, and also the 
point a? = y = « = t^?, similarly for the other opposite edges, 

X. 

(1) Plane /a; + 7wy4-wi? + rw;=0 cuts -45 in P, where 7;r+w7y=0; 
y — O^lx — my = 0, a* = 0, and Ix -f my = give four planes through 
CD cutting AB harmonically, the six planes all pass through the 
point lx=^my = nz==riv. 

(2) Equation of -40 is yjm^^zjn^-wfr^ coordinates of are 
Is^ ms^ ns^ rs^ where (Z + wi + 71 +r)«= 1, at -4'; ^r + l =2fe, y=27W5, 
z = 2n5, w = 2rs. 

(3) Let r^, r^ be the radii ; the centres are (— rj, r^, r^, r^) and 
(^,1 ~^V ^r ^2) 5 •'• ^^^ straight line x+y=^0 and z^w contains both, 
PC:DC--w:s^, CD:PD=:^r^:z, and z=w] /. PC:PD=r^:s^=^D: C. 

(4) Take the order of trisection APQB and CFQ'D', P, P' are 
(i i 0, 0), (0, 0, I, i) middle point of PP' is (J, i, J, i), similarly 
middle point of QQ' is (J, J, ^, J), the straight line a; = 2, y = w 
contains both and bisects BD and AC^ similarly for the other 
arrangement. 

(5) Centres of AB, CD are (i i, 0, 0), (0, 0, i, i); by 
Arts. 101, 103, -Z'' = J(-a''-6* + o''-a"-J'=' + c") = - J(7*; by 
Art. 105, 2(ra' cosw = 2 (a*~a"''), .*. 4//' coso) = a"'^a'". 


PROBLEMS X., XI. 


n 
^ 


(6) Oa, Ob perpendicular to BGB^ ACD^ the distance of b 
from plane BCD is Oa + OJco8(-4j9) = a;+ycos(-4j9), similarly 
for the feet of the perpendiculars on ABC^ ABD^ and the conditions 
of the problem give 

x = i{dX'\-y COB (AB) + z cos {AG)-{-w cos {AD% (1) 

but A=^B cos (AB) + G cos ( J C) + D cos {AD) ; 

:,xjA=-yjB=zjG=(iDJD satisfies the four equations corresponding 
to(l). 

(7) Let /£), pj be the radii of the two spheres touching BGD 
internally and externally ; by the equations of Arts^ 9^8, 99, 

plFo + Pl^APl^o-^pt^^h and -pJp^-^pJq.-^-p^lr. + pJs^^l. 

(8) Let be the centre, and B the radius of the circumscribing 
sphere, and let AO produced meet plane BGD in P, the tetrahedral 
coordinates of are OPjAP^ &c,, or l''BjAP,l-ElBP,...'i 

:. A-BIAP-BIBP^BIGP-BIDP^^U 

(9) Take the centre, p the radius of the inscribed sphere, 
plane OA'B' cuts GD at right angles in P, A'Ps\ny=p cot^Y siny, 
hence quadriplanar coordinates of A' are 0, 2p cos*^7, 2p cos^^/S, 
2p cos'^a, and equations of AA' and P5' are 

iy/cos^^7 = «/cos'^)8 = w/cos*^a^ 

and aj/co8*^7 = 2j/co8*|a =i<?/cos*^i; 

if -4^' and PP' intersect eos'^a cos'^a = cos'^yS cos*J J, so also 
for CC, PP'. 

(10) Draw -4a perpendicular to BGDj cutting the given 
plane in P, the distance of a from plane -kCi? is p^.cos{AB)j 
/. at a, y—Po ^^^i^^^lior &c«j 3.nd the equations of Aa are 

COS(J.P) COS(-4(7) C08(^P) ^ ^P' ' 

at P, ;?(I-P/^,)+P{cos(^P)^/2^+co8(^0)/'K+cos(^P)t£?/M?o}=0, 
and by Art. 109 or 112, j» = P cos(/?, ^J, .-. &g. 

XI. 

(1) Let a, b be the middle points of Pt7, (7-4, y + »' = 0, /> = 
are the equations of a and u4, ^ + r = 0, j = those of b and P, 
j9 + g' + r = is the equation of a point in both Aa and P&, t. e. of 

(? the centre of gravity of ABG. p-^-q+r + s^O is a point 
in the line joining p + q-^r = Oj and *=0, i.e. in (rP; similarly 
for the other lines. 

(2) The distance of the centre of the circle froiia BG is ^a cot A ; 
let lp'\'mqi-nr = be the equation of the centre ; and the values 
ofjp, y, r for a plane through PC, perpendicular to plane ABGj are 
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h sinC, 0, 0, and, by Art. 116, lb sin(7/(Z + wi 4 w) =i= ^a cot^ ; 
.'. //(?+«i4-n) = ^cos-4/siii5sm(7, /. Z/ sin 2-4= m/ sin 25= w/ sin 2 (7. 

AUter. Let be the centre and let AO produced cut -B(7 in a, 
shew that J5a : a(7=sin2(7 : sin 25, equation of a is 

jsin25 + ?*sin2<7 = 0. 

(3) The plane passes through the three points p + g' + r = 0, 
^4 r + 5 = 0, and ^ + 5 4 §' = 0, .*. q^r — s^ — ^p^ and each is equal 
to J/?jj, either directly by geometry, or by Art. 127. 

(4) Let DP: PB=X: fjb) then the equations of P and Q are 
Xj4a«« = and A*p4Xr = 0, X(^4r) 4/i(p4s) = is that of a 
point in P$, which lies in the hue joining the middle points of 
5(7, AD, dividing it in ratio fi : X* 

(5) q-hr = Oj jp — 5 = are the equations of the middle point 
of 5C7, and of the point at infinity in AD, Art. 121. r + 5 = 0, 
J? - g = are similar equations for CD and AB, q-^s^O, p -r = 
for DB, A C, hence the three lines of the problem have a common 
point, whose equation isg'4y4s— p = 0. 

(6) Let Xp4M?4vr4p«===0 be the equation required, the 
distance from BOD is 

>^i'o/(^ + /^ + »' + P) = iA(^ + C'4i>)/(^ 454(745), 

:.\:fi: v : p=^B+G-\-D : C+D + A : D + A'\'B: A + B+C. 

(7) The tetrahedral coordinates of the centre of any sphere 
touching the planes of the four faces are proportional to -4, 5, C, 5 
with the proper signs, and the equations of the centres of such 
spheres must be included in the form ± Ap ± Bq±Cr ± Ds =^0 \ four 
such as Ap-\-Bq-\'Gr-' Ds=iO, three such as Ap-\'Bq = Cr-\' Ds, 
and one Ap-^Bq-^-Cr-^- Ds^(^. 

XIL 

(1) Let G be the centre of gravity of A GD, the equations of 
G and 5 are J (p 4 y* 4 «) = 0, g' = ; .*. that of h is 

§(^4r4s)-g' = 0, or 2 (;?42 + »' + s) = 5g'; 
,-. gr r=r=s= — 2^ for the plane hcd, cutting AB at a point 2/?42=0. 

(2) The point in the line joining 5 to the centre of gravity 
of -405 is 7W.J (j?4r4s)4wg = 0, or m{p-{'q + r'{-s) — {m-^n)q*^ 
and, for the proposed plane, g = r = 5, and mp 4 (2m 4 3w) j = 0. 

(3) a?, y, z, w being tetrahedral coordinates of P; for a, 
yg 4 2Jr 4 w?5 = ; for i, ccp 4 ^z" 4 ^^5 = ; where ab meets -45, 
;cp - 2/2 = 5 for c?, xp +yq 4 «r = ; where Cd meets -45, xp-\-yq = 0. 




• 


• 


• 


PROBLEMS XII., XIII. II 

(4) P, Q being intersections of JBj ah and DB^ dh] for P and 
2>, a?p— yy = 0, and 5 = 0; for Q and -4, yq — w8 = 0, and 2? = 0; 
.'. ir2? + 2^5-^2 = gives the point of intersection of FD and QAy 
and since it is a^? + yg + «^s — 2^^ =» 0, the theorem is true. 

(5) The equation of H is 

{B + C+D)(p + q-hr-hsy-Ap-Bq''Cr''Ds = 0^ see XL (6), 
in the perpendicular form of Art, 118, the equations of and G are 
{Ap + Bq -^Cr + D&}j (A + B + C + 3) = and J(jp+2+r+5)=:0 ; 

.-. HO :H0::4. : 1, or OG^saS. 

(6) Let (p\ q\ r\ s') (p", q", r", s") be the two planes U\ U": 
and let V, /li', v, p be the cosines of the angles between the normal 
to the plane U\ and the normals to the faces of the fundaiQental 
tetrahedron. Let a perpendicular from A on the plane U' meet 
V" in iV, then AN=^ tsr =/' sec (V\ U"). Tetrahedral coordinates 

o( NsLYe (Pq— sr\')lp^ —®'A*7?o? ~"®''7'*o> "'®'P7*o» •'• ^^^ equation 
of N is (P(j-®'X')^/pj, — -cT/Aj/y^ — -cjvV/r^j — 'CT/)'^/*^^ and £7"" is 

a particular plane through N; 

.: co8(Er', U")=j,"lp,=^\yip, + ,i.'q"lq, + y'r"K + pVls,. 

By Art. 126, \'=p'lp^-cos(AB)q'lq^-coB(ACyir^-coB(AD)s'ls^ 
and similarly for /t', v', p', the given result follows^ 

XIII. 

(1) (i) Tetrahedral coordinates. a = 0^ 7 = is a solutioa, 
therefore every point in BB is on the surface; similarly AC, BO 
and AD lie entirely in the surface. 

Four-point coordinates. From the solution a = 0^ 7 = any 
plane through A touches the locus ; let \a + •'Y = be a point P 
m A (7, by the given equation, 7 = and Iv^ + mXS = 0, give two 
points (7, and Q in BJD^ such that planes through FC and FQ are 
tangents to the locus, ,\ OFQ is a tangent plane to the locus, and P 
the point of contact. It follows that AOj AD^ BOj BD lie entirely 
in the locus. 

(ii) Tetrahedral coordinates. When 7 = 0, (a + ^)' = (1), 
therefore plane ABD touches the surface at every point where it 
meets a plane through CD parallel to AB. A plane \ (a + ^) = /t7 
intersects the surface in another plane ft(a + /3) = \wS (2), the 
surface is generated by lines parallel to AB^ guided by a conic iu 
A OD touching A 0, AD at and i). 

Four-point coordinates. By the equations (1) any plane 
through U and the middle point Q of AB touches the locus at C; 
and equations (2) determine points By Sin QO and QD^ such that 
any plane through B8 is a tangent plane to the locus ; the locus is 
therefore a curve in the plane QOD^ touching QO and QD at 
and D. 


X 


12 PROBLEMS XIII. 


(Ill) Write the equation l^yS + mySa + nSa/S + raJSy =? 0, 
Tetrahedral coordinates, a = 0, ^8 = (3) satisfy the equation, 
,\ CD lies entirely in the surface ; so for all the edges. 

a/?-f^/«i = and yjn-\-hjr = (4) 

satisfy the equation, and the line of intersection of the two planes 
through the opposite edges GD and AB lies entirely in the 
surface ; the three corresponding lines for the opposite edges all lie 
in one plane a/Z + Pjm -{■ yjn + 8/r = (5). 

Four-point coordinates. Equations (3) shew that every plane 
through AB touches the locus, similarly for all the edges. 
Equations (4), joining points P, Q in AB and CJ?, shew that all 
planes containing F and Q touch the locus, and that the three 
corresponding lines joining pairs of opposite edges all pass through 
a point, whose equation is (5). 

(2) The surface represented by % = is the envelope U of all 
the planes whose coordinates satisfy the equation, v = is the 
equation of a point F. Let v =0 be the equation of a point F' 
near F, and let C\ C be the curves on Z7, which are the loci of the 
points of contact of tangent planes through F and F'; the 
surface represented by vv'^Au touches both the cones, whose 
vertices are F, F, and whose generating lines are guided by the 
curves G and G\ 

When V moves up to F, G and G' coincide, and the surface 
represented by v* = Au touches the coincident cones along the 
curve (7, and therefore touches U along the same curve. 

(3) The eauation of the centre is ^(p'\'q + r-\-s)^0 in both 
cases; the radii of the two spheres are ^p^ and J^^,. By Art. 119, 
the distance of the centre from the tangent plane (/?, q, r, s) is 
J (^ + J + r + 5), which = |/>^, or ip^ ; and, by Art. 127, 

i>' +-2* •+•/•'' + s' - |(i?2 + yr +...) =p/. 

(4) Compare the given equation with that of a sphere of 

radius p, viz. {i (i^ + « + >' + «)}>o" = pM/ + — - t(P2 + •••)} ; 
and shew thsX p^ = ^p^y and that p is half the distance of the 
opposite edges. 

(5) The distances required are p±lPay where p^ = av/f . 

(6) The torse consists of two cones, the vertices corresponding 
to the planes of the two curves. 

(7) Let ax-{^i3y+yz = l be the Cartesian equation of a tangent 
plane, r is the perpendicular distance of the centre (Zr, Twr, nr) from 
the tangent plane, .% { I - (Jol + m^ + ny) r} j fj{p? + )8* + 7') = r. 

(8) Let a, ^, 7 be Boothian coordinates of a common tangent 
plane, .% r"* - « = ^J{o? + ^' -f 7*) = «"* - /3. 
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XIV. 

(1) Since am^n^-]-hn^l^+cl^m^^O and am^n^+bnJ^+cI^m^^O, (1) 

also m^n^ + mjti^ + m^^ = 0, &c., /. amjit^ +. . .= 0. 
Eliminating c from (1), 

and, by Art. 146, 

(2) . By addition a + J + c = 0, /. « (Z^* - w/) + J (tw/ - n^) = 0, 
and a : J : c = 7n^^ — w,'* : w^* - 1^ : 7^* — Tn,'', &c. 

. Also a a V - W) = J («>.' - «>,"), 
hence, by Art. 146, 

(3) Turn the axes Ox, Oy through 45°, ^ = Vi(«»'— y) and 
^ = ^i (aj' + 3^') ; .-. sl^x'z + ^ (a?"' - y'*) = a', turn Ox\ Oz through 
angle cos-V|, aj =V|^"-Vi«", «=Viaj"-f V|«' =0, i»"'-i(y"'+»"0=a'. 

(4) As in (3) the equation becomes aj''+y'+«*+a;*— ^(y*+«')=a*. 

(5) Let 0\ OfJb^ Ov be each perpendicular to two of 
01, Onij Ofij viz. Ox to Oin and Ow, &c., and also perpendicular 
to each otl&er ; 01 is perpendicular to Ofi and Ov and the plane /a Oi/. 

Analytically, \Z^ + /t^^^ + v^^i = and Xg^i + /^aW^ + FgW^ = 0, 

(6) As in Art. 148, aaa + 5 (a/S' + aB) + cjS^' = and 
acf! + J8/3' + 77' = 0. The required equation is to be of the form 
Ax^+Bxy-{- Cy^=Oj which must reduce by transformation to a!y=0, 

.-. Aoi" + Bal3 + 0/3' = 0, and Aa" + Bo! 13' + C/S'^ = ; 

.-. A:B: 0=-^l3' : a/3' + a/3 : - aa'. 

Now, since the bisectors are in the plane Ix + my + nz^O, 

Za + w2/8-f W7 = 0, Za + ?n/3' + 717 = 0, 

/. ?aa' + Zw (ay3' + a'/3) + 7w*/S/3' = n V = - w' (««' + iS/S') ; 

/. (?n' + w')u4-Z/»^+(Z' + w')(7=0, and c^-J5+a(7=0; 

:, A: B : G=^alm-h(P-\'V?) : a(m*+n*)--c(Z'+n') : -cZmH-J(/w*4n*). 

(7) The required equation being -4a;* + 5^' + C«* = 0, this must 
be transformed to xy' = 0, 

...^a' + 5/3' + O7' = 0, and ^a'* + 5/3'»+C7'^ = 0, 

whence ^ (aV" - «' V) =^B(ry'fi" - y'/S^, whence, by Art. 146, 

Am (ay + a 7) = Bl (y0' + iff), 

as in prob. (6), Z*aa' + m^^ff - n'77' = - Zwi (a/3' + a'^S), &c., 

and aaa' + J/3/3' + C77' = 0, aa' + )8/S' + 77' = 0; 

.-. aa' : ^9^' : 77' = 6 — c : c - a : a — J ; 

.•.^m*{Z'(J-c)-mXc-a)+nXa-J)}=5Z'*{-Z*(J-c)+w^(c-a)+n'(a-J)}* 
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(8) Equating the coefficient of xy' to zero, as in Art* 148, 
aaa' + J/3/3' + 077' + a' (/Sy + ffi) + V (7a + 7 a) + ^ (a/3' + a'^S) « 0, 

a' : ^' : 7' = W7 — w/3 : wa — Z7 : Z/S — ?na, 
substitute for a', )8', 7', and the equation resulting is 

(en - J'?n) a* +...+ \cm — J'w + (c — 5) ?} /37 +•..= 0. 
Similarly , 

^ ' (cw-J'm)a"+...+ {c'7/2-5'w+(c-5)Z}i8'7'+...= 0; 
hence the bisectors lie in the given cone. 

(9) Let \, /lA, V and \', ft', v' be the inclinations of the axes in 
the two cases, and if P be written for 

1 -- cos'X - cos V — cos' V + 2 cos \ cos /A cos V, 

the last term in the cubics of Art. 157, namely 

A» + Ah^ + Bh^ abclP= 0, and A* + AV + B'h - a/SrylP' = 0, 

"will be equal, and, since P and P' are positive, aJc and a^7 will 
have the same sign. 

(10) After transformation, let x^+y^-{- \yz -{- zxsu become 
ax^ + fiy^ + yss^i the values of A, which make h(x' -\-y* + z')''U 
the product of two linear factors, are the roots of 

(A-l)'A-^(A-l)-i(A-l) = 0, 

viz. 1, J, and — J ; on transformation h (.2?^+y'+ z^)-ax^- ^y*— 7«'* 
is still the product of two factors with the same values of A; 
.-. a=l, ^ = f, 7 = ~i- 

(11) Let A\ J5', C", i)' be the centres of gravity of the faces 
opposite to -4, 2?, 0, i> ; the equation of -4' is J (5^ + r + 5) = 0, and 
for any plane, as in Art. 160,y = J(g'+r+s), r'=&c., the equation 
of the centre of gravity oiA'BG'D' is i(/-f2'+r'+s')=i(i?+2+r+5), 
ile. the centres of gravity coincide. 

(12) The equation of the centre of the sphere is 

Ap + B^ + Gr' + Ds' = 0, see prbb. XI. (7), 

or ^A (5^ + ^ + 5) +...== referred to ABCD^ which is the equation 
of the centre of gravity of the surface of ABCD^ see prob. XI. (6). 

XV. 

(1) Take the origin, and the fixed plane parallel to that of 
xy cutting Oz in (7, let OC^c^ and let ac be the givea quantity, 

0Q\ OP^c:z:=ac: 0P\ 

(2) Take the plane of xy that of the given circle, the origin at 
the centre, and the plane of yz parallel to that of the variable circle, 
a; = a cos ^, y* + «' = a' sin'^ its equations. 
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(3) Use figure, page 3. Draw J/^perpendicuIar to Oif meeting 
Ox in A^ locus of If is a circle diameter OA = a, locus of P in 
plane POM\^ a circle diameter OM. 

(4) Z, w, n direction-cosines oi AP] .*. x — l.AP^ &c. 

(5) Take the given point for origin. 

1. Let plane of yz be parallel to the given plane, aj = a its 
equation ; that of locus will be a;* + ^^ + is^ = e' (x — af^ e < 1 a 
prolate spheroid, e= 1 an elliptic, paraboloid, 6> 1 a hyperboloid of 
revolution of two sheets. 

ii. Let plane of zx contain the given line, and Ox be parallel 
to it at a distance a. The equation of the locus will be 

«' + / + «' = e' {/ + (« - a)'}, 
c < 1 an oljlate spheroid, e = 1 a parabolic cylinder, 6 > 1 a hyper- 
boloid of revolution of one sheet. 

(6) Axes as in Art. 64. By the method of Art. 58, the equation 
is ^''+y+(«-c)'— (^ cosa+y sina)*= ^r^+y^+C^+c^-C^ cosa— y sin a)*, 
or xy sin a cosa + c2J = a hyperbolic paraboloid. 

(7) Take Ox for the fixed line, the origin being where the line 
and plane intersect, an^. let the plane xy contain the line and its 
projection on the plane, orsina — y cosa = the equation of the 
plane ; that of the locus will be y* + z^ = (x sin a — y cos a)'. 

(8) Let the planes yx and zx contain the parabolas, latisra recta 
2l and 2f, the equation of the ellipse, the distance of whose plane 
from, yz is a?, is y'^jlx + «^/fa? = 1. 

(9) Let \a, \J, \c be semi-axes of a degenerated hyperboloid, 
its equation is x ja ±y jo —z jc = \ . 

(10) Let ?i«i.n., ^,»»,w , ZjWjW be the direction-cosines of the 
linesj i.Va" + «!>/*' + <U = V. &<=•, and K + ?,' + ^,' = 1, &c. ; 

(11) The form of the section by a plane, whose inclination to 
that of xy is ^, is given by ^ = r cos ^, « = r sin ^, whence r* = 4flw?, 
where Ja"* = cos^^/6+ ^m^Bjc ; for the extremity of the latus rectum, 
,;c = fltj y = 2a cos 6/, « = 2a sin 6. 

(12) Axes as in Art. 64. Planes through the two lines have 
equations ^sina— ycosa+X(2j/c— 1)=0 and ^sina+ycosa+V(;5/c+l)=0, 
and ^he planes are at right angles, .*. sin'a — cos*a + X\7<5' = 0; 

.'. a? m^LOL-^y^ cos^a = XX' (^V^^ ^ 1) — cos2a («' - c"*). 
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XVL 

(1) Equation of any sphere containing the circle is 

when ^ = the section is an indefinitely small circle^ 

/. (a?-a)"+(5J + -4y = 0, r.A'^b^-r^] 

whena: = 0, (y - jy + (« + u4)'' = ^« + r«-a' = J«-a'. 

The magnitude of the circle in yz depends only on the radius 
of the sphere and the distance of its centre from yz^ which, from 
the construction, are b and a respectively. 

(2) Let Oz be the fixed line, and let OQ^a, the shortest dis- 
tance between the two lines, be in the plane xyy a the angle between 
the lines, (or, y, z) a point Pin the revolving line, Pif perpendicular 
to plane xy^ OM* =^OQt+ QM^ ; /. a' + y* = a* + ^ tan"a. 

(3) Let a plane through the £xed point J, perpendicular to the 
line of intersection Oz of the given planes, cut the two planes in 
Oaj, Oy. The middle point of any of the lines cut oflF by the two 

E lanes projects orthogonally into that of the line through A cut off 
y 0^, Oy. Let (f , rf) be the middle point of the projection of the 
line in the plane xy, (a, V) the point A. Its equation is a:/2f -j-y/29;=l , 
and it passes through -4, .'. a/| + ij'n = 2. 

(4) Take Oz the line to which the moving line is perpendicular. 
Ox perpendicular to Oz and the other given line, whose equations 
are a; = a, z = my^ those of the moving line z = a^y = fix'j ,;. since 
they intersect a=mfia and xz=may^ When w=0, «=0, or a;=0, 
every line in plane ay through satisfies the conditions, and every 
line parallel to Oy through Oz meets the other line at infinity. 

(5) The given equations may be written J(^*+y'')+(<i-i)wiV=0, 
and x = mz, and when the ellipse rotates, neither z nor x* + y* are 
altered. 

(6) As in Art. 175, the equation of the cone is 

where f^jic? — J') = 1+ A*/ J' ; when it is circular a sphere, centre 
in the vertex, cuts it in two parallel planes. Changing the origin 
to the vertex, the equation, by the given relation between / and hy 
reduces to (a? + y' + z') a'k' (a' - V) - {(a' - b') hx - Ffz}' =0. 

(7) Let the plane to which the circles are parallel pass through 
a diameter of the fixed circle, take this diameter for Oy^ the origin 
in the centre, the plane of xy bisecting the angle between the two 
planes ; the centre of the moving circle will move along either the 
axis of X or Zj and generate two corresponding cylinders. 
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(8) The etfuatioris of the two cones are ^ jV + z^ j c^ =^(x'-ay J a*j 
and a^ja* -f «*/c* = (y — hyjV ; the cones intersect where 

xla^y]h^r{»J(a'^V\ and «7c'=:l-2r/V(a' + J'); 

{9) Let the equation of the plane be (aj— ae)/cos^=y/sin^«=r, 
where it meets the given surface, 

(ae + r cos (?)V(a*-X') + (r«sin'5 + «')/(c'-X0 = lj 
the condition makes the coefficient of r^ vanish, and the latus rectum 
» 2ae cos ^^(X' - c^)l(a' — X*)^ since a* > V > c*. 

(10) 'Take the a^les as in Art. 64, the first line being in the 
moving plane, y cosa — 4? sina + -4 (s — c) = 0, a plane through the 
other line is y cos a + a; sin a + 5 (a + c) = ; if these planes be per- 
pendicular co8*a — sin'^a + -4J5 = 0, and their intersection is the 
projection of the given line, /. y' cos'a— a;* sin*a=(sin*a— cos'a)(«*— c*), 
a hyperboloid of one sheet, including circular cylinders when a = 
or ^TT. When the two lines are at right angles, -8 = 0, and « + y = 
is a plane perpendicular to the moving plane in all positions. 

(11) If FG^ PQ be perpendiculars from jP(/, .9, K) and P on 
the line xIA^&cq.^ OP and QQ are constant while FP revolves 
aboot OOQ. For the original position of FPy coordinates are 
/+lp&c., :. OP*^a!'''\-y''hz'^(/+lpy+... and 

-4(0?-/)+...= GQ^iA^' + B'-h C*)^Alp + Bmp+ Onp. 

(12) lict (f , 1;, f ) be the point, r^, r^, r^ distances from the conic, 
/,»ijW„ /^w,n„ Ijfnjfi^j their direction-^osines, 

« (f - W + ^ (^ - «»jr,)« « 1, ?= n/„ 

.V (af ' + Siy' - 1) n^ - 2a?f Z,n, - ^b^rim^n^ + (al^^ + iwi^') f" = 0, 

Similarly for r, and r„ /. af * + bif — (^a + i) ?' = 1. 

(13) As in Art. 175, the equation of the cone is 

(xh -fzy\ctf + (hy -gzy\h^ = (;5 - A)', 

or A'^(a?Va' + y'/6' + «Vc'^l)+(/Va'+//i'-A'K)< 

• 2aA O/a' + gy\V - 1) = 0, 

the two planes of intersection are 2; = and 

2A(/r/a'+^y/J'-l)-(/7a'+//J«-AVc")^ = 0, 

in the latter if 2? = 0, fx\a^ + gy\W = 1. 

(14) Let 2a be the vertical angle of the cone, the equation of 
the plane through the origin perpendicular to the axis \a5+yt*^+v2=0 ; 

then cosa = l^ + m^p, + WjV = l^ -f Wj/^ + n^ = ^gX + m^ + w^^v. 
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XVII. 

(1) See figure p. 92. If the figure represent a hyperbolold of 
revolution, and PTF be a constant angle, the locus of T will be a 
circle ; Q, Q lie on two circles whose planes are parallel to the locus 
of 21 Let every line measured in a direction perpendicular to the 
principal plane RAA'B! be diminished in a constant ratio, the 
eccentric angles of P and P' dififer by a constant angle and the 
three planes remain parallel. 

(2) By Art. 209 a hyperbolold can be constructed of which 
three lines {A\ (5), (C) are generators of the same system, a 
fourth line (D) meets the hyperbloid in only two points JP, Q, and 
two generators through P and Q of the system opposite to that of 
(-4), (5), (C) intersect all four lines. 

(3) Let a be the eccentric angle of the point on the principal 
elliptic section through which a generator passes, whose equations 
are (;» — ocosa)/asina = (y — &sina)/(- Jcosa) = ±«/c, Art. 213; 
if this line meet the sections by the planes of zx^ zy in the points at 
which <f>^ <f> are the eccentric angles, 

/A K^^" sec^— cosa = sina tana = ±sinatan0, 

- . c /«- *^' cotacosa = sec^' — sina = Tcosatan^', 

.*. tan^ = ±tana = — cot<^'. 

(4) Generators corresponding to an eccentric angle a will be at 
right angles, if a' sin'a 4- 6* cos^a = c*. 

(5) By the method of Art. 210, (?, ?w, n) being the direction of 
a generator through (|, 17, f) of the paraboloid y^jV^s^fi^^'S^xla^ 
m^jV = w*/c', and mrjib* — w?/c' = Z/a, 

whence Z : w : w = a (rjjh T ^jc) : J : ± c, 

... J»-c' + a«(i7VJ"-r/c') = Oor2a| + y-c' = 0. 

(6) Take the plane t/z parallel to two of the lines and containing 
the third, and planes zx^ ay containing the first two. Let the 
equations be aj = a, « = ; ^ = J, y = 0; x^O, z^my+c] and those 
of the generating line « = a(a;-a), ^ = /3(^— J); .•. aa-w^&+c=0; 
showing that the generator is parallel to the plane az—mby'\-cx=0'^ 

(7) As in Art. 210, if (X, /tt, v) be the direction of a generator, 
/lAV -h vX» + \/A = and vm — film + \(m— tw"*) = 0, 

whence X(l±wi) = -/Lt = ± vm. 

(8) For a generator through (|, 17, f ) in direction (X, /a, v} 

/iAV + i'X + XM = Oand(i7-J-?)\ + (?+^)/A + (| + i7)y = 0; 
hence, if W &c., be the values of X for the two generators, 

and (f + i7)(f + + (^+?)(^ + l) + (?+|)(?+^) 
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(9) Take the three generators for coordinate axes, the cone's 
axis is equally inclined to the axes, and if 2a be the vertical angle, 

cosa = Vi« 

(10) By Art. 214, ^j+*j=5,+^., ^-<^H-^4, ^.+^.=^4+^.» 
and ^8 ~ ^8 ~ ^» "~ ^s which give the result. 

(11) Let the equations of the generator be yj»Ja ± 2?/ Vi = a and 
^ = 73/ + ^j since it intersects the two parabolas, a* — r^a^a—S = 
and a* -J- S = ; /. 2a* — 7a V« = 0, and x s= y^/a - (a — yHc^. 

(12) For two generators which intersect, 
^/a=cos(a+i8) + sin(a+/3)2/c and aj/a=co8(a-)8)— sin(a— /8)2f/c, 

whence x\a = cosa cos^S + cosa sin^ «/c, 

and O — sinasin^S — sinacosiS^i/c, 

/. cos^aj/a = cosa, similarly cos /8y/ J = sin a. 

Again, for two generators which do not intersect, 

{a;/a-cos(a±/3)}/sin(a±^) = {y/i-sin(a±^)}/-cos(a±^)=«/c^ 

let u4 {aj/a - cos (a + /3)} + 5 {y /& ■- sin (a + /3)} + C^/c = 

be the equation of a plane containing one of the generators and 
parallel to the others, /. A sin(a±)8)— Bcos(a±/8)-f (7=0, 

whence -4/sina = J5/— cosa=: C/— cos/8; 

and Qinaxla — cosoLylb — cosffzlc + Bin^^Oj 

and sinaa?/a— cbsay/J — cos)82/c--sini8 = 

are the equations of two planes each containing one generator and 
parallel to the other, and S is the difference of the perpendiculars 
from the origin. 

XVIII. 

(1) The shortest distance between two, being perpendicular to 
both, is parallel to the third, and therefore meets it at an infinite 
distance, hence it is a generating line. 

(2) The equations of the two planes are given by 

ui(2^/J-^;/c)+5(l-{r/a) = 0(l), 
and5(y/6 + is/c)+-4(l + a?/a) = 0(2), 

the planes on which the traces are made must be parallel to the axis 
of Xy for the positions -4 = 0, 5= ; let y=7w^ be a plane on which 
the traces are made, the direction-cosines of its intersection with 
(1) and (2) are respectively as 

AB'^a (mb'^ - c"^) : w : 1, and BA'^a (mb~^ + c"^) :m: 1] 

,% a' (m*6'* — c"*) + m* + 1 = gives the two positions of the fixed 
planes, independent of ^ v^. 


/ 
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(3) Consider any hyperboloid of revolution aj* + y* — ?nV = a', 
the tangent plane to the section by the plane of yz determines two 
generators inclined at equal angles to the axis of x^ if therefore a 
ray of light coinciding with one venerator be reflected at the plane 
yZy the reflected ray will coincide with the other generator; the 
same will be true for reflection at any plane passing through Oz. 
If therefore two mirrors intersect in OZ^ a ray will after every 
reflection be a generator of a hyperboloid of revolution, whose axis 
is the intersection of the n^irrors, and of which the incident ray is a 
generator^ 

(4) Since (Z, m^ n) is the direction of the line represented by 
any two of the equations, and we can deduce from them the equations 
Z*a+?n*J+n*ic=0 and lax+mby-tncz — O^ therefore the conditions, 
Art* 210, of being a generator through (a;, y, z) are satisfied. 

If Zj 972, n and Zp m^y n^ be the two solutions of the equations 

aX' + J/a'.+ ci^ = 0, and afX + bg/jk + chv — O^ 

shew that 11^ : mm^ : nn = he •\-J^ : car]-g* : ab + A*, hence that the 
other generator through any point (y, jr, h) in the first is 

(5) For the generators xja±yl'b^%zjX (1), and xjaTyfh^XjCy 
the directiouf-cosines are as a ; ± 6 : \ ; let (Z, w, n) be the direction 
of the perpendicular from the origin, .*. ?a ± tw J + n\ = O, and since 
it is in the plane (1), Z/a±97i/J=2w/\, /. (Z/a±w/6)(&i±w6) + ?n''=0. 

(6) For a generator let 

a?/arri?f/c = X(l — y/J) and aj/a + »/c = X"*(J +y/i), 
th(sn the plane containing the origin and generator is 

(\ - X"*) xja -2ylb'\-(\'{- X~^) zjc = 0, 
aud the direction-rcosines of the generator are as 

-a(X-X'') ; 2b ; c(\ + X"'), 
J^t (Z, n?, n) be the direction of the perpendicular, 
(X - X'O Z/a - 2ni/6 + (\ + X"') n/c = 0, 
and - (X - X"^) al + 2mb + (X + X'*) no = 0. 
Fiud X + X"^ and X — X"* and tafce the difference of their squares. 

(7) Write the equation aa:--f J^'+c;§p'=1, and let Xa3+/i^+ 1'«=0 
be the equation of one of the planes containing a generator through 
(/, ^, h) and intersecting the hyperboloid iix points lying in the 
plane aa? + /8y = 1. For an infinite number of values x and y 

v' (aa? + by') -i-c^Xx-^- fiyy = v' (aa; + I5y)% 

hence, equating to zero the coefficients of a;*, a;y, ^', and eliminating 
gand ^, X*a"* + /LtT^ + v'c'* = 0, also X/+ fig + vh = 0, 
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.-. A' (XV* + ft' J"*) + c* (\f+ figy = 0, whence for the two directions 

= a(l-a/*) : i(l- J/) i-2abfg : ^(-4abdi*) 
XjXj +... : V{(\A^, - ^Mi)' +...} = a + J + c -^"' : 2r ^(—abc). 

(8) Let (Z, «i, w) be the direction of the perpendicular on a 
generator^ /. la sin a — tw J cos a ± nc = 0, and 

(Ir — a cosa)/a aina = (mr — J sina)/(— b cpsa) = wr/± c 

= (a' — 5*) sin a cos a/ (a* sin'a + J' cos'a + c'), 

hence prove that 

l:m: n = a(6' + c')cosa : J(a' + c")sina : ±c(a' — J*) sin a cos a, 

/. 1 : cos20^Xb'+cy co8"a+i'(a*+ c')' sin'a+c'(a'- &")' sin'a cos^'a 

: a*(6'+c")' co8*a + 5* (a* + c*)' sin'a - c' (a" - by sin'a cos^a. 

(9) As m Art* 210, ?/a - m^Jb = and 2^/a - 2mglb = w, 

whence Z : in : w = J V^ : ± ^ V^ : // V« ±^/ V^j 

.%cos5V[{K«+*)+/7«+//^}'-"4r//«*]=i(«-J)+^ 

and{i(a-i) + A}'tan"5 = ia& + i(a+J)(/7a + ^VJ)-4(a-J)A. 

(10) As in Art. 210, 

ww + wZ+Zw = and ?(^ + A) + w(A+/) + w(/+5') = 0, 

-(A+/)(/+^) : if-\r9){9+h) : {g+h)Qi^f) : -2A (/+^) : V(8a')(/+17), 
hence cos'^ ; sin'^ : 1 = (r» - 6a')* : 8a' (2^* - ^J) : (/ + 2a')'. 

(11) Shew as above that cos5 : 8in5=a+ J+c— r* : 2 iv/(— aJc/^?') 

andX"+(a + J + c-r')X + aic// = 0, 
hence cos*^ : sin'^ : 1 = (X^ + X,)' : - 4XjXj : (X, - X,)'. 

(12) Equations of the shortest distance of generators correspond- 
ing to eccentric angles a and a+ rfa being (a;— /)/Z=(y— ^)/w=«/n, 

Zsina — mcosa + 9t=:0, and Zcosa + ^ sina = 0, 

so that Z : wi : w = sin a : — cosa : — 1, 

also, where the lines meet the generator (a),/— a sina=a cosa+is sin a 
and j7 + 2;cosa = asina — /scosa, .-. ycosa + ;9r8ina = a, and, by the 
generator (a + <Za), /sina— ^cosa = 0, hence for the shortest dis- 
tance (aj/o:— cosa)/8ina = (y/a — sina)/— cosa = — zja. 

(13) If (xr- f)/Z= (y — ^)/»i = (« — ^)/n = r be the equations 
of a generator through (f , 17, ?), 

af + 6iy' + c^'=l andafZ + Ji7wi + c$h = 0, 

hence, for any point in either generator, a^x + briy -f cgsf = 1, a plane 
containing both, which is perpendicular to a generator in direction 
(X, ^, v\ so that aX' + J/a' + cv' = becomes a'f' + t'l;'^ c*?'=0 (1)* 
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Also, if the generators be at right angles, Art. 212 Cor. 

.-.by (1), a(J'* + c"*)/a'*=..., or (5 + o)/a = (c + a)/J = (a + J)/c, 
/. a + 6 + c =s unless a = h=iC, 

(14) From the symmetry the line of shortest distance passes 
through and is perpendicular to the axis of z ; take as its equations 
xjl^y/m^r^ z =% (1), and for those of the generators 

{xia — cosa)/sina = (y/i — sin «)/— cosa = zfc ; 

.-. 2a sin a — mh cos a = (2), 

also Zr/a s= cos a + sin a A/c, mrlh = sin a — cos a A/o, 

.% ma (cosa + sina A/c) — Ih (sin a — cosa A/c) = 0, 

and by (2) ma{Ui-\-wb h/c) - Z6 (wJ — la h/c) =; 0, 

by (1) ary (a' - J') + (jb' + y') isai/c = 

for one system of generators. 

(15) A plane through the eye and any generating line must 
intersect the hyperboloid in another straight line, since the section is 
of the second degree. 

Let (/, j7, h) be the position of the eye E on the hyperboloid, 
dy Vj O ^ point P at which the generating lines appear to be 
perpendicular, so that the planes containing them and the eye are 
at right andes, but a^x + brjy + c^z = l is a plane containing the 
generators through P, as in prob. 13 ; 

/. aa?' + Jy' + c«' — 1 + p (afa^ + hffy + chz-^ 1) (a^x+bfjyi-ciz—l) =0 

is the equation of a conicoid containing the four generators through 
^and jP, which, since a/' +.,.=5=1 and af * + ,..=!, may be put in 
the form 

a(a;-/y + 2a/(a?-/)+...+ p{a/(a:-/)+...}{af(a?--/)+...+o-) 

where o- = afy+ Jiy^ + cgfe — 1. If this coincoid be two perpen- 
dicular planes through jS", 2 + po* == 0, and the sum of the coefficients, 
of (x — /)', (y—gy and {z — A)* must vanish^ 

(16) Take the axes and generators as in Art. 209 ; the angular 
points not on the hyperboloid are (a, 6, c) and (— a, — 6, — c), 
ayz + hzx + cxy + ahc has values for either of these points, and for 
the centre, in the ratio 4 ; 1, and this ratio is the same when the 
axes are transformed so that the equation becomes 

a^Va'+yV*'-«Vc' = l, .-. 1- «•/«"- yV*' + «V<5' : l :: 4 : X. 

XIX. 

(1) Two circular sections pass through the fixed point, and any 
sphere which passes through either of these sections intersects the 
Qonicoid in another plane section* 
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(2) The c'rfcillar sections of aa;*+ Jy"+c«'=l which pass through 
(/» 9i *) ^^^^ the equation (a-&)(a:— /)' = (6 — c)(« — A)', and 
the sphere containing both has equation 

the centre is {-(a-&)//i, 0, (b-c)hjc}j and when the radii of 
the circular sections are equal, the centre of the sphere is equi- 
distant from the two planesof section, .•./=0 or A=0. 

Oeometrically^ the diameter of any circular section is a chord 
of the elliptic section in the plane of zx^ and two equal chords must 
intersect in one of the a^es. 

(3) Let (7, «2, n) be the direction of a normal to the plane, 
... p (a* - d') + m' (J* - d') -\-n\(f^ d') = 0, :. ra'+ m^V + wV = d\ 
or the area is constant, Art. 237. 

(4) Let (f, 17, f ) be the centre of a plane section through 
(/, ^, A) whose equation is Z(aj— /) + w(y-(7) + w(j5 — A)=5!0, 
•'. ^(f-/)+-v=0, and, by Art. 234, af/Z = Jiy/wi = cj/w; 
:. of (|-/) + ii7(i7-5') + c?(?-A) = gives the locus. 

(5) In the change the circles move in their own planes, the 
centre of the circle, whose distance from xyv^z and radius =(^V+a*)*, 
moves to a point (fo/w, mz\n^ z), 

(6) Take ^'/J + a'/c = 2a3 for the paraboloid, J>c, and let G 
be the constant product of the radii U^ E of the cyclic sections 
through the point (f, 0, S*)) whose diameters are chords of the 
parabola »*= 2ca5 ; for these chords a? = ± ?w« + a, where cm^=i 6 — c ; 
and if ^, z^ be the roots of «'= 2c (mz 4- a), (z^— z^ = 47nV + 4.2oa, 
and 4jK* = (1 + w*) (a, - «.)*, hence jB' = c (i - c + 2f - 27n?), and 

i2'« = c(&-c + 2f + 27nO; •*. 07c» = (6-c + 2|)'-4wT, whose 
asymptotes are parallel to f = ± wif. 

(7) Let iff=0 be the equation of the sphere, 8-^kL^=^0 that 
of the paraboloid (or hyperboloid) of revolution, touched by the 
sphere along the plane X = ; P is a point in the section by the 
tangent plane to the sphere at JS, PN\ PM perpendiculars to the 
plane X = and its intersection MD with the tangent plane. PH 
IS a tangent to the sphere and PH'cc >8oc X"ac P^*qc PJtf *; .-. H 
is the focus and MD the directrix. 

Oeometrically^ for a hyperboloid of one sheet including the 
paraboloid. Let P be a point in the section, 5, H the points of 
contact with the two spheres, QPR a generating line through P 
meeting the two circles of contact with the hyperboloid in Q and £; 
QPR is constant for all positions of P, but by equality of tangents 
from a point to a sphere, SP^PQ^ BP^PB^ SP-^PH^QB. 
Given by Dallas, King's College. 
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:. (a cos'a + c sm'a) (x* + «'*) + by* + 2x'z' (c Bin'a — a cos*a) = 1, 

but sin'a : cos'a :1 = J — a:c — J;c — a, 

.-. (c-a)6(aj"+y' + «'*)+{J(c + a)-2ac}2a;V = c-a. 

If a = j7r, 26 = a + c; write Vi (»'"=-«') and Vi(^' + «') for 
a; and 2; in (1). 

(9) The projections on the plane at/ will be parabolic. 
For the first surface^ nxy — (x + ^) Qx + wy ^p) = na' ; 
.'. 4?m=s(Z4 wi — w)', Z+m — w = ±2VZ^- 
For the second^ (Z.» + wiy)' + 2n(^+y)(Za;+niy)+w*(aj-^3r)*=0 
has equal roots ; .-. {I + n)' (w + n)' — {Zm + (Z + m) n — «*} = 0. 

XX. 

^1) Eliminating y, we have »J(c?-V)xia ± ^(b^-^sslc = V («*-c')j 
these are the equations of two planes whicn meet the ellipsoid where 
fjh^ -^yiV -c^)x]a^'^(xi* -V)zlcY ^0^ that is, in two indefi- 
nitelj small circles. 

(2) For a cyclic section, V(<3t'-c*)y — V(«' + <0^ — °^) a^^ ^^ 

0\ 1 a\ a /^ \ *1 T* *• i* T* 


also I A, / a + (At — V'; / c j r* = 1 — (iy - f ; / c , wnence r = a + 1; 4- 5> 
the equation of the corresponding sphere is »*+y*+«'— 217^—252^^=0^, 
and the radical plane of the spheres is y V(a'— 0') + z V(a*+ c') =» 0. 

(3) Let the equation of two cyclic ];^ane8 be 

{ V(a'- V) x\<i - V(ft - c') «/c + a} { V(a - V) x\a + V(J'- C) z\g-\- a^ « • 
. that of the sphere containing the two circular sections is 

5'(^'K+y/&'+ «Vc'- 1)+ {V(a*-6')^/«--} {V(a"- J0a^/«+-)=O, 
or dj'+y*4«"+(a+a') V(a'-i')i»/«+ («"«') V(i-c')«/c-J'+aa'«0, 
coordinates of the centre are 

I = - i (a + a') V(a' ~ J0/«, ?=-(«- «') V(i" - c')/c, 
and m^h^ = f + f » + 6» ^ {|V/(a* - 5') - TcVC*" - c*)}. 

(4) Using the equation of Art. 250, the coordinates of the centre 
are - i (A + U) ^J(a - h)/l, and - i (A; - A') ^J{b - c)/i ; and, if the 
centre is on the plane 

»Jia-'b)x-^J(b-c)Z''k:=0^ (a + o)* + (a-c)*' = 0, 

the line of intersection of the cyclic planes is 

a »J(a — b)x'-c V(& — c) iS = 0. 

If the centre of the sphere lie on the second plane the line of inter- 
section will be a ^(a ^b)x + c sJQ) - c)z=^0. 
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(5) By Art. 237, the square of the diflFerence is 

{f* (6 -f c) + m* (c + a) + n* (a + J)}* - 4 (?Jc + w'ca + w'a&)», 
which, by eliminating w'*, can be reduced to ' 

{c-a-(J-a)?-(c-J)n'}'-4(6-a)(c-6)Pn', 
and if d be the inclination to a cyclic plane^ 

(c — a) sin*^ =^c — a—{l >sl(b — a) ± n fj{c - i)}^ 

(6) Let z V(c - i) + 0? VC^ — a) = be the cyclic plane common 
to the conicoid and the paraboloids ; z isj(c — J) — a? /»J(b — a) = a the 
other cyclic plane common to the paraboloid whose vertex is 
(?) ^j t) smd the conicoid. Since there is no term in x^ in this 
paraboloid, its equation is 

{h - a) {ax^ + by^ + cz^ - 1) 

•\-a{z i\J(c — h)-\-x i^(h — a)} {2? ^J{c — J) - a? V(& — a) — a} = 0, 
or b(b-a)y^-\-l(c — a) «'- aa {2; V(c- J) + ^ V(i-a)} — (5-«) = 0, 
comparing this with the other form of the equation 

whence both results may be derived. 

(7) Since c — J «= J - a, the circular sectiqns are a? ± iS = 0, and,, 
by 'Art. 59, the corresponding cylinders are 

b-' = x' + i/'{-z^-'^(x±z)% or 4 = (a + c){(ajq:i5y + 2/}, 

and for the plane sections 

4 (ao;'' + c«*) = (a + c)(xT z)' or (a; ± z) {(3a — c) ^ ± (3c - a) «} = 0. 

The area of the second section is 7r(f Jc+w'aJ)~*, Art. 237, where 

r:n':l: Pbc-^n'ab={3a^cy: (3c- a)': 8 {2(a'+c'^)-3&*} : b(a+cy. 

(8) Take (\, /*, v) for the direction of aily radius vector r of 
the "section, so that a/jbv-\-bv\+c\fJL-^abclr^=Oj and l\+mfi+nv=0 ; 
eliminate v, and, for the reason given in Art. 237, make the roots 
of the quadratic in X : /i^ equal. 

(9) If (X, fi, v) be the direction and r the length of a semi-axis 
of the section by a plane lx + my-\-nz = 0, by (4) of Art. 237, 

Z/\ i.mlfi : w/v = ar' — 1 : Jr*— 1 : cr*— 1 ; 

.'. (b — c) Z/\ -f (c - a) 7n//A + (a — J) w/ v = ; 

also, Za + 7w/3 + W7 = 0, and ZX + 7n/iA+ wk = 0, 

.•. Z : 7n : n = ^v - 7/x : 7X — av : a/A — /3\ ; 

and, for any point in the cone, xj\^ylfi = zjv. 

(10) Let xl\=^ylti^zjv=^r be the equation of a line in the 
plane, where it meets the surface, 

{a\'+...+ 2a>v+...) r* + Ar + J5 = ; 

E 
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and when r is infinite the directions are given by the equations 

aX'+...+ 2a/Ltv-f...= 0, and ZX + 7w/a + wv = 0; (1) 
as in Art. 26, eliminate v, and the resulting quadratic gives 
X,X, : /Aj/tt, = cw' — 2a 91271 + Jn' : aw* — 2 J'wZ + cP, 

whence the condition for the rectangular hyperbola. 

For the parabola the directions are coincident and the roots 
of the quadratic are equal. 

With the given relations the equation of the surface becomes 

dVc (a I a' + yjb' -f zjcj + 2a"a +...+ e?= 0, 

and the directions are coincident for all values of ly m^ and n, the 
surface being a parabolic cylinder. 

(11), The area of the section by a plane lx + mtf + nz=iO is 
irahcjvr^ where «j' = Pa" + fw'A" + « V, also Ix -^-my +nz* =^0^ and 
tsT^j tsT^ the maximum and minimum values of cr are the roots of 

x''l{^' ^ a") + y '/(isr* - J'O + «'7(«^' - c') = 0, 
which, by Art. 237, (3) proves the first part. 

Also, y V/ = (JVaj"4-...)/(a" + y'+«'0, if Ca?', y\ «') lie on 
the ellipsoid and the sphere aj' + y' + «' = cP, dW^w, = (S>c, 

(12) For the central sections 
a?-\-y*-{'Z^^i^-'r\ayz-\-hzx-{cxy- 1) = (t» + my + n2j)(^n+ym'"*+ zn^) ; 

.'. mrC^ + nm'^ = — r'a, &c. (1), 
- r^cJ)C = (ww** + WW"') (wf* + /w"**) (Irn^ + wi^*) 
= wi^r+w*wi-*+wV-' + Z'w-*+Pwi-*+wiT'+2 = r*(a"H-6'+c')-6 + 2. 
Also, by (1), (wi* + n!')lla = — Imnr* =. . . . 

(13) Let (f, i;, ?) be the focus, a? = f , (y - 17)//^-= (« - 0/*' = ^ 
equations of the latus rectum of the parabolic section ; at the ends 
of the latus rectum J (17 + /Ltr)* + c (f+ vr)' = 2f , and the coefficient 
of r vanishes, .-. Ji7/x+cfv=0 ; if (f ', 1;, f ) be the vertex Ji7Vc5^=2f ', 
and the semi-latus rectum = r = 2 (f — f ') = (J/a* + ck*) r' ; 

/. (V + cv') (2f - Jiy* - cD = /*' + v". 

XXL 

(1) Since they are tangent planes to the enveloping cone, their 
intersections with a plane are tangents to the conic section. 

(2) The tangent plane at (f, 17, ?) is ^^/a* + w/i' + 5f?/c' = l, 
and when y = 0, f /a' : f/c* = c V(6* - c*) : ± a V(» - i*) J 

.-. c V(a* - y) f ^ « V(i' - c*) ?= 0. 

(3) A tangent plane to our'H-...= 1 is Za;+7wy+w« = V(P/a +•••)» 
and if (f , 1/, f ) be the centre of the section made by this plane,. 

(/|+?wi7+wf)''*=r7a+7w'//8+w*/7, and ?: wi : w=af : Jiyicf, /. &c. 
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(4) l(x — y) + wi (y — (jr) + n (« - A) = is the equation of any- 
plane passing through a point P(/, ffj A) on the conicoid 
aa?* + V + c«'=l; take a point Q(f+f\ ff-hg, h-hh') in the 
conicoid near to P, (?ilf perpendicularr to the plane —lf'-\-mg'-\-nh\ 
and aj5^'+%'+cAA'=--i(a/*+V+cr); :.\iUm\n^afihgich^ 
QM will be of the second degree in the small quantities /', g\ A', 
and is less than for anj other plane through P. 

(5) If Ix + my + n« = be a tangent plane to the cone, 

/. P(J + c) + w"(cH-a)H-n'(a + i) = 0, Art. 257; 

and if (X, /tt, v) be the direction of an asymptote of the section 
of the surface, aX* + hfi* + cv* = and Ik + mfi + wv = ; shew that 

(6) Let (X, /Lt, v) be the direction of the axis of the cylinder, 
the equation of the plane of the curve of contact is aKx-k-hfiy-^-cvz^O^ 
see Arts. 262 and 267 ; shew by Art. 237 that 

a^X^bc + b^ti^ca + c\''ab = ac (a^X* + J V + cV*)? 
and thence that the two plants are a(b — a)x'=^c(c'-b) z\ 

(7) The line y=^0{x-a)j si==y(a}-\-a), touches the sphere 
x^ + y*-^ ss' = c^, eliminate y and z and make the roots of the 
quadratic in a> equal, (1 + iS^ + 7') {(/S* + 7') a' - c»} = a' {^ - 77, 
the equation of the locus is 

{y' (x + ay + z\x-- ay} (a'' - c') 4 4ay «» = c' (a;' - a')*, 

when c = a, a;' ± 2y2f = a', or transformed a;' ± ^* T «' = a*. 

(8) Let (/, ^, K) be the point P, p the perpendicular from the 
centre on the tangent, a;'/ a' +...?= 1 the ellipsoid, 

and if 0? = 0, r = — P(?„ .\ ^ . PQ^ = a*, and P(?j varies as the area 
given, which is irabcjp. 

(9) The shadow is the section by the plane » = — c of the 
cylindrical envelope 

{\ya'-]-fi'lb'-^ v'lc') (x'la'-^y'lb'+z'lc'^ 1) = (Xxla'+fiylV+vzlcy, 

the direction of whose axis is (X, fiy v) ; 

.-. (\'la'-\-...)(x'la' + y'lb')^(\xla'^^ylb'^vlcy 

is the equation of a circle, .\ X/^ = 0, let X = 0, and equate the 
coefficients of as* andy', shew that v*lf4!' = c'l(a^-'b^)» 

(10) For the point whose locus is required 
a\x^f)lf=b'(y--g)lg^c'(z^h)fh^^pr^^m'i 

.-. (a*-'m^)f=^a'x and/*/a*+...= l. 
If m=s J, y = 0, and the locus is the limit of a very flat ellipsoid 
bounded by the ellipse, a'a'l(a' - by + c\'l(b\ - c')' = 1. 
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(11) Let Ix + my-^- nz^^phe the equation of the plane, 

.*. lx^ + mt/^ + nz^=pj lx^+n,.^p and 7^j+...=p; 

.-., by (3), Art. 276, I==ap(x^+a;^-\- x^), &c. Also, by (2), Art. 276, 
^i + ''n!/i + nz^=:p, and Pia-\-m*lb + n* jc^dp^. 

(12) The centre of gravity of the triangle is that of three equal 
masses placed at the extremities of the diameters, and 

Also, for the second locus, ax^x-^- by^y + cz^z^l^ aarja5+...= 1, 
flw?,^ +...«» 1, square and add and use (3), Art. 276. 

(13) The product of the perpendiculars from (a?^, y^, «J, and 
(— a?j, — y^y — «j) upon the tangent plane at (/, ^, h) 

and by (3), Art. 276, the sum required =p*(3-«/'-^/-<^A*)=2p*' 

(14) By Art. 258, for the two asymptotes through (|, rj^ f), 
aV + J/Lt' + cv* = and a^ + J17/A + cfv = 0, and the condition of 
perpendicularity gives the equation of the cone. 

(15) For any point in the normal at (x\ y\ «')j 

a»(ar/a;'-l) = y(y/y'-l)=c*(2/«'-l)=/o, and a'(//^'-l)=...= o-; 
/. aja^pja'^l aiid//a3 = (7/a^+l, and //(a;-/) = (o--a*)/(p-o-). 

(16) As in Art. 272, if (f , 17, f) be the middle point of a chord 
in direction (X, /a, v) of the conicoid ax^ + by^ + C2j' = 1, 

aXj + bfirj + cvf = 0, (1) 

and at its ends sc = | ± Ar, &c. ; at the intersection of the normals 
(a/o + 1) (f + Xr) = (ap' + 1) (? ^ \r), Art. 270 ; 

/. af - p)l\ + r{a(p-\- p) + 2} = 0, &c., 

and, multiplying the three equations by J-c, c — a^ a — b^ and 
adding, (b — c)a^l\-^(c — a)brjlfi + (a — b)o^lv=^Oj this and (1) 
are the equations of the locus. 

XXII. 

(1) Let Ix + my + wa = be a tangent plane to the cone, where 
P/a + m^jb + n*/c = (1) ; then at the foot of the perpendicular, 

(a: — a)/Z =...= — Za — W)8 — W7= {a;(a; — a) +...}/ 0, 

.*. (aj-a)' + a(a;- a)+...= and, by (1), (a: — a)'/ «+...= 0. 

Let this curve be plane, and let (y — /S)" be eliminated, 

(a:-a)*(i/a-l) + (?-7)'^(6/c-l) = a(aj«a) + /S(^-/3) + 7(;2;-7) 
will give two planes, when ^8 = 0, a'/(J/a— 1) = 7'(1 — J/c); if 
(^ — a)' or (z — 7)* were eliminated the planes would be imaginary. 
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(2) Let arc* +...= 1 and =w* be the two ellipsoids; where the 
enveloping cone, vertex (y, g^ k) intersects the exterior 

(n' - ly = (afx + % + chz - ly, Art. 265, 

.'. afx+bgy+cAz^n^ or — (n'-2), the last will be a tangent plane to 
an ellipsoid aVH-...= l at a point (/', g\ A'), if af=(2 — n^)af'^ &c., 

and w' = (2 - ny (ay/a +...) = n' (a'/" +...), 

.-. a' I a = b'lb = c'jc =^n'l(2-- ny. 

(3) Let (Z, rriy n) be the direction of the chord joining points 
whose coordinates arey, g^ A, and/+ ?r, g-\-mr^ h-^-nr respectively, 
and let </>, </>' be the angles made with the normals at its extremities, 
y, p' the perpendiculars on the tangent planes from the centre. By 
Art. 269, afp^ bgp^ chp are the direction-cosines of the normal at 
C/j 9^ ^) 3 •'• ^os(f>lp = laf-\- mbg + nch^ similarly 

cos^'Ip' = la (/+ ?r) -\- mb(g + mr) + nc(h + nr)y 

also (fa + w'i^ + w'c) r + 2 (?a/+ «wJ^ + wcA) = ; 

.'. COS0/^ = — cos^'/p* 

(4) By Art. 271, the feet of the six normals lie in the two planes 
Za;/a4-...= l and a;/aZ+...= — 1, and aZ = a, — a/Z=a', &c. 

(5) By Art. 270, if /, g, h be coordinates of Q^ aj,, y^, z^ those 
of P,, and (X, /a, v) the direction of OQ^ 

ON.^Xx^^liy^-^vZr, op: -OQ.ON,^xXx,-f)^:..=Pry Art. 270, 
and by the sextic equation 2 (/o^) = 2 (a* + 6* + c"). 

(6) Let the chord be normal at (/, ^, A), the other extremity 
being (/+\w, ^ + /Ltn, A + vw), where \ = ~a/p, &c., and this is 
on the surface, .*. n (aX* + S/a' 4- cv'') + 2 (a\f-\- bfig + cvA) = ; 

.-. ay' + ...= 2n-y') ay*+...=p"", a/' +...= 1, /'+...= »*•, 
multiply the last three by — (a-f-6 + c), bc + ca-\-aby and — aJc, 
respectively, and add. 

(7) As in Art. 276, a;,' + ^/ + a^g" = a', y^ +...-=V\ z:+...= c\ 
.-. 3 (ar/ + 3^,' + ;.,0 = (a^ + J« + c^ (x^la'+y^jb^ + V/O, 

and, for any point in the corresponding conjugate diameter, 
xjx^^yly^^zfz^) /. (2a'--6»-cO^VaV...= 0. (1) 
By (2), Art. 276, xx Ja' '\-yyJb^ -^ zz^/c^ =^0 is a plane through 
(^i» ^u ^i) ^J^^i (^2» ^27 ^27? which touches a^la+...= Oj if 
o^sV^* + /Sj^aV*' + 7^/^* = ^) •••» by (1), a = a* (2a' - J* - c'), &c. 

(8) Three perpendicular tangent planes to the two conicoids are 
l^x + niji/ + n^z = V(Z,'a + m^b + n^c) or - {m^b + n^c)l2l^^ 

ZjiP +...=... , and ^33;+...=.... 

Square and add for the first locus. 

Multiply by 2?^, 2Z„ 2Z, and add for the second. 
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(9) Transforming to the three tangents through (^, 17, (f) as 
axes, ic = f + £1;' -f Z'y' + f '«', y = ^7 + &c., in the transformed equation 
let y=0 and «' = 0, (f + Zx')7a + (i7 + ma;')V6 + (?+ wx')7c= 1, 
has equal roots, 

adding to the corresponding equations 

(10) By (1) and (2), Art. 210, the condition of perpendicularity 
of the generators through (/, g^ h) is (i + c) a*/^ + ...= 0, (1) 

(/'-/)/«/= C9~.^)/*9 = (A'- A)/^A, and a(/" V')+..-=0; 

and {f-f)laf 2(ay'4...)/(ay"+...)^ 2/(a+&+c) hy (1). 

(11) By iv.. Art. 268, if (Z, tw, n) be the direction of a generating 
line (bg* + cK^ — 2/) (hrn^ + cw*) = (bgm + cAn - Z)*, and writing for 
I, m, n their values for three perpendicular generators, and adding 
(V+cA;-2/)(6 + c) = jy+c'AVl orJc/+icA'=2/(6 + c) + l, (1) 
which gives the locus of the vertex (y, g, h). The equation of the 
polar plane of the vertex is bgy + chz==x+f^ (2). The tangent 
plane at (/', ^jr', A') to 6yH-cV=2^+a is jyy + c'A'« = «+/' + a, 
which coincides with (2) if Vg' = hg^ c'h' = cA, and /' + a =/; also 
b'g"-i-c'h''^2f' + a, or jy/6' + c*AVc'='2/-a, which is the same 
as (1) if cb'jb^bc jc^h + c^'-a'^j :, the polar plane touches the 
paraboloid (b 4 c) (i^*/^ + cz'jb) = 2^ — (J 4 c)"\ 

(12) For. the normal at (/,5', A), x—f'\-af(T^ for that at (f , 17, f), 
a: = f 4 af/o, if these intersect, f — /= a/o" — a|p, &c. ; 

,. Jc{^(r«A)-A(i7-^)}(|-/)4...= 0. 

(13) For the two tangent planes, 

Za? 4 wy 4 w;5 = 0, and Va 4 i^b 4 n'o = 0, Art. 257, 
the equation of the cone is the condition of perpendicularity. 

(14) Let B, be the semi-diameter in direction (\, /t*, v), so that 
aV 4 J/x' 4 cv' = iT", (Xr, /xr, vr) and (Xr, /a/, vr') the vertices of 
the cone, /. writing these for {J^ g^ hi) in the envelope, Arti 265, 
the cones intersect in the parallel planes 

{(aXa:4..>)r-l}V(r'*-i?0±{(a^ + ...)^'-l}V(»-*-^') = 0, 
if 2?i) p^ be the perpendiculars from the centre, shew that 

XXIII. 

(1) For the normal at (x^ y, z) passing through (/, g^ A), 
(jc- f) / ax=^ (1/ -g) /by == (z-K) / cz ^^a'^ suppose, then substitutbg 
in aoi? 4 by^ 4 cz* = 0, since ^ (<r — a) = a/*, &c., (1) 
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af(c-by(<T-oy+.. .=(o/'+&/+cA')(,r-o-,)(<7-«r,)(,r-«r^(o-,7,), (2) 

o-j, (7j, (Tg, a^ being the' values of o- for -4, B^ (7, D. 
Let the equation of plane ABC be ow? + ;8y + 72? = 1, 

/. a/'o-y((7j— a)+...=l, a/(7,/((7,-a)+...=l, and a/(rj/((73-a)4...=l, 

subtracting, 

afa/ia^ — a) (o-, — a) +•..= 0, and afa/(ar^ - a) (o-g — a) +...« 0, (3) 

and, by (2), (a/'+...)(o--a)K-a)(cr3-a)(cr-a)=a/Xa-J)'(a-c)S 

••• a/«/(^i-«)X<^,-«)(<^8-«)«^ <*-^)X^^ a(*-OVaJ^, by (1), 

let a', /3', 7' be written for this and similar expressions ; 

.-., by (3), a (<T3-a)+/3'(o-3-J)+7 (cr3-c)=0 and a'(<T,-a)+-..=0, 

/. a+i8'-+7'=0, aa+/3'6+7c=0, and ay(J-c)=/3y(c-a)=77(a-J), 

hence ^^/a (6 — c) = ^4/^8 (c — a) = zjrf (a — J) ; 

/. a(6-cya» + J(c-ay/S^ + c(a-6)'7'=:0. 

(2) If the generatprs through P be v=0, ii7=0, and v'=0, t«'=0, 
the equations of B and ^4 will be of the form vv' + vm* = and 
W + «?!(?' H- m" = ; also, for the conic iS, t; = and wm?' + w*=0, 
hence the generators meet the conic each in two coincident points. 

(3) By Art. 231, all parabolic sections are parallel to tangent 
planes of the conical asymptote, which shews that P/aH-...= 0, 
Art. 257, and the lines of contact with the cone determine the two 
coincident directions in which the parabolas pass off to infinity ; so 
that if (X, /Lt, v) be the direction of the axis ak/l^^hii/m^cv/n^ (!)• 
Let (f , 17, f) be the vertex of the parabolic section by the given 

Elane, (V, /i', v) the direction of the chords bisected at right angles 
y the axis ; /. a^X + hTifji! + ci>' = 0, and W + fifi* + w' = 0, or, by 
(1), IX'/a-^- mfi/b + nv/c = 0, also Z\' + tw^' + wv = 0, whence, by 
eliminating Z\', w/x', and wv, (6^* — c"^)af /?+...«= 0. 

(4) Using the method of Art. 271, the six feet of the normals 
from (^, ^, ?) lie on two planes ^/a + y/6 + i2?/c±l = 0, if their 
coordinates satisfy the equation ^ 

that is, if ^, 1;, f can be chosen so that ayz + bzx + cay = 0, but 
since £7"= 0, F= 0, and W=^ 0, substituting for yz^ zxy and xy^ we 
obtain {c?/(c'-a*)- J97/(a''- V)}x+...^0] 

... a| (V - c") = J17 (c^ - a«) = c^{a' - 6')- 

(5) The feet of the normals through (^, 17, 5*) lie in the three 
cylinders, (b-c)yz^b7jz—c^y^ zx=(^"c)z-fc^^ and xy=(^'-'b)y-]-brjj (1) 
they also lie in two planes, one of which is px + qy-\-rz = l'y also 

{px-^qy-{ rz -- 1) (1/ jbq •\- z I cr — 2 Ip) — y^ jb — z' I c-^ 2x 

E(qlcr'\-rlbq)yz-fpzxlcr+pxylbq-2qlpy^2rlpz-\'2lp=0 
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19 true for all the feet, if (f, 17, f) be taken so as to satisfy Identi- 
cally the equation -By + C^j + Z> = 0, obtained by substituting for 
yz^ zx, xy their values from (1). 5=0, (7 = 0, 2> = with the 
given relation are equivalent to two equations in |, i\^ f. 

(6) The equation of the enveloping cone is 

\iz^(s, (/Va*+...-i)(a^V«'+yVi'-i) = (AA'+.93^/«^-i)*- (0 

The equation of lines parallel to the asymptotes is 
ia^lV + AVc' - 1) x^la^ - 2fgxy/a'V + {f/a' + AVc* - 1) y V** = 0, 
which are at right angles if /» +./ + (a* + V) (h'/c' - 1) = 0. (2) 

If (^, 1;) be the centre of the curve (1), 

(/•/a* +...- 1) ? =/(/f /a' + ^"//J' - 1), &c., 
f _ 5 _ y^/g'+.y^/y-l JS/ a' + gy /b' _ _Jl . 

/ - <7 -f/a" + gyb' + AVfc' - 1 " f'/a' +g'/b^ hVc' - 1 ' 

••-, by (2), VCr + ,') V(/' + /) = a' + J'- 

(7) Let (f , 17, f) be a point in the line, and 

\^ + /Lty + v« = 's/(\^la + (i^jh + v'/o) 

one of the tangent planes; /. Z\+7W|aH-wv = 0, eliminate v and shew 
that \X, : /Aj/A, : v^v^ = (wiy — wij")* — w*/6 - m^jc : &c. 

(8) For the tangent plane Xx + /Ay + vj5 = — (J/a" + cv*) / 2X, 
Art. 268; as in (7), 

(9) As in (5), (lx-{-my-\-nz)(ylmb+zlnc-2ir)''y^lh-z*lc + 2x=0^ 
also, by the property of the tangent plane to the cone, 

i(^,_c)P + Jw''-cn' = 0, 

eliminate Z, wi, w from the equations corresponding to B=0, (7=0, 
i> = 0. 

(10) Referring to the generators through as axes of a? and y, 
the equation is xy + (ax + by -t cz •{- d) z = 0, and the tangent plane 
at P is (y-^ az)^-^ (x + bz)ff + (ax-\-by-^cz-^d}^+dz = 0. At 
Dy if on ()4?, (y+az)^=— c?2; at JS", (4?+fe)i7+^5J=0, fiy is constant, 
/. (y+az) (x'\-bz) oc z*=^pz' ; if (ar^, y^, z^ be the centre of the hyper- 

boloid, yo+^^o=^? ^oi"^^o=^j *°d «^o+^yo+^5o+^=^5 shew that the 
polar of this centre with respect to this cone is the plane of xy, 

(11) Let (x^y 0, z^) be the umbilic ?7, the inclination of the 
tangent plane to the plane xy, and let f , rj be coordinates, in the 
tangent plane, of any point of the section referred to {7 as origin. 
Then x^x^-\- ^ cos 0j z = z^- ^ sin 0. 

Since ax^ + cz^—l^ and tand=^^ V«/«o Vc, 
aa?* + c;5' = 1 + f (a cos'(? + c sin"^) = H- 6|* ; 
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therefore the equation of the section of the enveloping cone is 

h (a/' + hg* + ch'- 1) (f + tT) = (-4 + 5? + hgvf, 

where A + B^ + hgrj = is the line in which the plane of contact 
is cut by the tangent plane, and is the directrix of the sectiop. 

(12) Let (0, /S, 7) be the vertex, %/J' + 7«/c'= 1 is the plane 
of contact, intersecting the ellipsoid in the plane of yz^ where 

(^'/i» + y/c') / - 20y + i" (1 - 7'^') = 0, 

of which y^^ y^ aie roots ; at the centre of the section 

and \(a\ V be the semiaxes of the section, shew that 

- JV {ff\V + 77c' - 1) (/3'/^* + 'y'lc*)Kfi'lb' + y'icy, 

and a" I a* = 1 - y// J' - ^//c' = 1 - (ff'/b' + y'/c')-' ; 

.-. a'*l(a"-h'*)=a* (fi'{b'+y'lc'-¥k^-ky')j{(a'-c') ^7 J'+(a'-i')77c'l 

which is constant, since (1 + W) / (a* - c') = (1 — kc') j (a' — i'), 

i.e. the directrices are at a constant distance from the plane zy. 

XXIV. 

(1) Take the three confocals a^/a +...=1, x^Ka + k) +...=1 and 
a*l(aT{'k'}+».*^ 1 ; use the form of the tangent plane, 

Ix -f my + n2 = *J(Pa + m^b + w'c), 

and shew that a^ + y' + z* = a + b-\-c-\-k'\-k'. 

(2) In XXI (15) the coefficients 5' — c* &c. are the same for all 
the confocals. 

(3) Take (/, ,9, h) the given point, then a% a"", a"'* are the 
three roots of / Vp'' -f //(p* - y3") + h'l(p' - 7^) = 1, so that 

Add the three equations similar to (lf-¥mg-\' nJif = a'— w'yS* - n*7'. 

(4) Let »iy + w»=l, ^ = be the fixed line in yz^ and let 
^*/(a + A)-f...= 1 be one of the confocals; a tangent plane at 
(?? Vy K) meets the plane oiyz in the line viyj(b + 4) + S^/(c + A;) = 1 ; 
.•. 'q^m(b + k) and J" = n (c + A;), and for all the confocals 
njjm — f/w = 6 — c. If Za; + my + nz = be the plane of the second 
part, the three plane loci intersect in the line 

(5) The foot of the normal at (/*, g^ h) is (a - c)fla^ Q>-<^^ol^i ^j 
and the polar with respect to x^j(a— c) -\- y^l(b -c)=l is ir//a+.^<7/6=l, 

J? 
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(6) Let P, F be (/, g, h) and (/, g, h'), the direction of PQ 
being (/, w, n) ; .'.///' = V{a/(a + A:)} &c., 

lfla+,..= and f /aH-...=0; 
/. yV V{a (a + *)} +-.= 0, but if I' = I V{(a + A;)/a} &c., then 
r/7(a + A)+...=0, /7(a + A;)+...= ?/a+...= l, 

/. (Z', trij n') is the direction of the generator through P'^ similarly 
for Q'. 

Let (/„^„ K) and (//,/,, A\) be Q and (?'; :.flf^/Jf:, &c., 

(7) Let (f^g^ A) be a point on the ellipsoid a^ja +...= 1, (x^y^z) 
the corresponding point on x^j(a + U) +...= 1 ; 

.-. x'l(a + ^O =/Va = (x'-f)lk, &c., 

the locus is the intersection of 

ax^lf^ - iy^lg^ ^a—h and ax^jf* — C2*/ ^^ = a - c. . 

(8) Let ^'/^ +•••== 1 ^^^ x^l(a-\-k) +...= 1 be the ellipsoid and 
hyperboloid, (f, 17, f) the point on the sphere corresponding to 
(ic, ^, 2); then a;*/a(a + A:)-H...= 0, /. |7(^ + ^)+*"=^' 

XXV. 

(1) By Art. 286. /'/aVW'*= l/a'(a'- 6') («'-cO &c.. 

(2) Let (Z, m, n) be the direction of the normal at (f, 17, f) to 
the confocal x^](a + A) +...= 1 ; ,\l = p^l(a + i) &c. ; 

/. /f H-w2i7 + wf=p, a-f A = p|/Z, h + k = p7ilm^ &c., 

hence the locus is the section of the hyperbolic cylinder 

(J^jl — r) Im) (11^ -{■ mr) -^ n^) =i a- h 
by the plane (f/Z- 'nlm)j(a- h) — (^jl-'^jri){a — c)^ one asymptote 
of the section is ^jl^rijm^^^jn and the other is in the plane 

(3) The cylinder enveloping m= ^*/a+...= 1 is 

or i (w — 1) = V* ; make r^=^x^ + y^ + z^ a maximum or minimum, 
subject to the condition Xx-^ fiy + vz = 0, and shew that 

Lx (1 — a/r') = Xv, &c. ; /. X*/(r* - a) +...= 0, 

whence r' = ^(JH-c)A.'H-...+ iJ/, where Jf depends only on the 
differences of a, b and c, and if a*, yS'* be the two values of r*, a* — /8* 
will be the same for any confocal. Also 

r^-a = ^(b — a'{-c -a)X*+...± il/, 

i,e. X : y : z depend only on the differences of «, J, c, and the 
directions of the axes are the same for the two confocals. 
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(4) Let ,(/, g^ h) be a point P on the ellipsoid x^/a +...= 1, and 
let the confoQal hyperboloids be given by ,2?*/(a—Aj) +.*.= !, when g 
is very small, the two values of k are given by 

(b ^ h) {(c - k)f'/a + (a - A;) h^c] + (a - h) (c - Jc) //J = 0, 

One value of k is, neglecting 9*, 

5 + /*"' {/•/« (a - 6) - hVc (b - c)}-, 
and for the focal hyperbola a;* /a (a — b)— z^/c (J - c) = j .% the flat 
hyperboloid corresponding to, this value of k will be of two or of one 
sheet asyV«(<* — 6) > or < h^/c(h — c\ in either case the normal 
at P will be nearly perpendicular to the plane zx ; for the other 
hyperboloid k = cp/a + aV/c nearly, the values of a — A;, J — i, and 
c — k being (a^c)f''/a, (b'-c)f^/a — (a'*b)h!^/c^ ^(a — c)h^/c, 
nearly, the normals at P to it and the ellipsoid being close to the 
plane zx. If P be actually on the focal hyperbola, any line per- 
pendicular to a tangent to the hyperbola will be a normal to either 
flat hyperboloid. 

(5) f/(a - J) ^ h'/(b - c) = 1 for the flat hyperboloid, 

r/(a^b + k)-i-h'/(c-b-^k) = l 
for the ellipsoid, and by subtraction, 

k =/* (b - c)/(a ^b)-\-h\a- b)/(b ^ c). 

(6) Taking the axes and notation as in Art. 301, the vertex 
being on the focal hyperbola, if (Z, w, w) be the direction of a side 
of the cone, r its length up to the point of contact, 

»• {(Pi^-^P,^)/b-p^n/k^} = 1, 
and the tangent plane to the enveloping cone is (xl+yrn^/b-zn/k^—O^ 
hence ^, the perpendicular from the centre (— p^, — i>„ —p^j 

.•.;>r={(P + m'')/6* + w7^;p, and (I^ •]-m')lb = n'lk^=ll(b + kJ] 

.*. p^r^ = bk^. 
,„x V_ _ rr[_ _ n' _ __ (a ~ b) {IV + mm) + (a 4- ^^3) nn 
^^ lib" mjb^ '-nlk^''P^ '' ^ ' 

(8) Let 6 be the inclination of the cyclic plane of a'/ a' +...= 1 
to the plane xy ; for the circular section y^ + x* sec'6/ = J"*, and 

x'la^^i'lia'^c'), flV^7fl{W^c'\ Bee0^b\a'^c')la\b'''c')i 

...f + iy» = J*-c'.. 

(9) Let aj'/a 4-^/6= 1, « = be the ellipse,, treat it as a flat 
ellipsoid, the cone as an enveloping cone, whose vertex is (f , 1;, f), 
a point in the confocal x'l(a + k)-\-y^l(b + k}-{-'z^lk — lj (1), the 
normal to which at the vertex is an axis of the cone, passing 
through the given point (/, ^, 0) ; 

and a(f~0lf^big-n)l9 = -k=f^ + gv-V-v'-i% by (1), 
hence the locus is the section of a sphere by a plane. 
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XXVI. 

(1) If «' + y' + «' = r* be a maximum or mlnimam, 

/. r' = 2, or -y = + «f = a:/rV3 and 2»V3 = icVS - a;«, 
wheace r' = 1 or - 1 ; the focal ellipse, referred to the axes, is 
f x* + fy* = 1, aud the focal hyperbola a;* - fa' = 1, eccentricities are 
VI and Vf . 

Aliter^ turn the axes of y and z through —45**, and then the axes 
of X and y through 6^ where sin20l2j^6 = — cos2^= ^. 

(2) ^-*=f7(a + xy+..., let u^i'l(a + \y+..., 

~a + \ d^w^^ m*d^ " (a -\- Ky a + X ' 
c/'\ __ ^ ^" ^ _ 4g't;7* 2^ __ 8gV" 8|V ^ 

"c/f - a+X "*" <?f * a + X (a+\y ^ o+X (a + X)' "*" (a + X)'"' 

(3) For the circular section ^ sin ^ + « cos =pdld^j where 

sin ^ ; cosd : 1 = c/8 ; a \/(7* -^ /8') • &7 5 
by Art. 286, ^yx = aaa\ y ^/(y* - /3') « = ccV ; 

/. caaa" + accc" ^pby^djd^^ and pJ = ac; 
/. (a" - 70 (a- - 7') = (y'djd, - a'a'J ; 
/. y (1 - d V^o') = «" + « " - ^ci<^'djd,. 

(4) Art. 312. Let (Z, w, w) be the direction of a normal at 
(?i ^; ^^ tJiG confocal y*l(b'-Jc)'\- ^'^l(c — k) = A(x — A), of which 
the focal conies are ^* = 4(i — c)(.2? — c) and «' = 4(c — 6)(a;— 6); 

.-. mr) + w?= - 2Z (f - A:) = - 2Zf + Z'17/m + 2Zi, 

and rjlm-^ln = -2(b- c)llj 

shew that, when 17 = 0, ?' = 4 (c — J) (f — 6) ; and similarly for the 
other focal conic. 

(5) Use Art. 268, iii,, and Art. 312. Let (^, v, O be the 
point where a bifocal line of the paraboloid y^jh + z^jc^^x meets 
a tangent plane, so that I (Zf + mi]'\- wf ) + m^b + w^c = (1) ; the 
bifocal line (x — ^)ll=r^ &c. intersects the focal conic, 

«=0, /=4(6-c)(^-c); /. (rM7-77iO' = 4(i-c)n{w(f-c)-Z?}; 

similarly, (nt) — m^y = - 4 (6 — c) m {w (f — J) — Zi;} ; 

/. n'(^^c) + m'(^^b)^l(mv + nt)^0, or, by (1), ^ = 0. 

(6) The extremities of ds are given by the intersection of the 
curve x^/a +...= 1, x^ j{a — k) +...= 1 with the two hyperboloids 

a77(«-^') + ...= l and x^ l(a- k' - dk') +...= 1 5 
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but (a '-h)(a — c)x^^a(a-' k) (a — k'), 
:. 4 (a - J) (a - c) (dxjdkj = a(a^k)l(a-k'); 
let (f, fly, f) on ,thqf sphere correspond to {xj y, «) on the ellipsoid, 

... (cr-J)(a-c)f = r«(a-i)(a-A:'), 
hence 4 (a - 5) (a - c) {r'' (d^)» - K (rff /} = r' (a - i) (e«fe')'- 

(7) Let (jC''f)ll=(]/—ff)lm=^(z^h)ln = \ be the equation of 
a bifocal chord through (/, g, h) in the paraboloid; 

/. (g + m\yib + (h-\'m\yic=f+lXy 

and (rn^lb + n^jc) \ = Z - 2 (w^/6 + wA/c). (1) 

Since the chord intersects the conic, « = 0, ^''/(J — o) = or — Jc, 

.*. (nff — mhyi (b — c) = v? (/— Jc) — ZwA ; 

similarly (ng — mkyi(b — c) = 7n? {"/'^ i^) + ^^J7 5 

/. {ng - 7wA)7 Jc = (^^V* + ^ /c) /- i K + w') " ^ (^''^Z* + ^*/^)i 

whence (mglb-±nhlcy^l(mgjb-{-nhlc)-\-^P^\^ ' 

or, by(l), (m'lb + n''lc)\^l. 

(8) Let one of the sections of the ellipsoid a?la^+...^ 1 stand 
on the line ix-^^ll=^{y — y^lm = r^ (aj^, y^, 0) bebg the centre 
of the section ; .*. Ixja^ + ''^yjb^ = 0, and 

if a be the distance between the centre and focus (^, 17, 0), 
f = a;^ + Za, 1? =^2^0 + wia, and a' = (p*- c') (1 - x^/a^-y^/V\ where 

p- = P/a' + mVi', r/a^ + rj^/b' = </«- +3^oV&* + aV/>", 

and Zf /a' + wtij/J' = a/p' ; 
.-. 0" - c') (1 - r/a' - nVb') = aV/p' = cV (Z^/a" + toi;/*')*. 

The locus toacbes the principal section ^/a* + if/V — 1 ; shew 
that it meets the focal conic f'/(a' — c') + i;'/(6* — c')= 1, where 
{{b* - c') m^ - (a' - c") IvY = 0. 

9. Using the notation of the last problem, I, m is known hj 
{P (a'-cO/a'+TO* (6»- c')/b'}(l- ^'/a'-v''/b')=c'(l^/a' + mf)/b')\ 
or by {I' (a" - &)/a* 4 m* (b* - c')/b'] \^/{a* - c") + v'/(.i>' - c') - 1 } 

= c' {(6" - c") m^ - (a' - c') Iv]'/ {(a' - c') (J' - c') a'i*} ; 
.-. f /a' + 1776" < 1, and J7(a* - c") 4 V/(*' - c") > 1. 

XXVII, 

(1) By Art. 361, they are the enveloping cylinders, whose axes 
are parallel to the asymptotes of the focal hyperbola. 

(2) By Art. 366, if (Z, iw, w) be the direction of the line of 
intersection, the equation of the two tangent planes will be 

(P/a* 4 m'lb' - w'/c") \x' + f 4 «" - (1 + a'l<?) z^+ia^jb* - 1)3^'} 

= a' (Zur/o' 4 myjV - nzj&)\ 
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intersecting the cyclic planes where 

(3) Let (iT, y, 0) and Qc, 0, a') be the points 8 and 8', then 
a;'' + y = 6'-c' + a!V/e", and a;"+ «" = - (i'-cO + ^'V/e"; 

.-. SS" = (a) - «')• + / + «" = (xe/e' - jcV/e)'. 
For the directrices, by Art. 345, f - f ' = a;/e" - aj'/e* oc /SS'. 

(4) Let (/, 0, K) be the point in the focal line, 

and let he + my + nz = be the equation of a tangent plane, where 
a'? + 6W-cV = 0, (x-/)ll=ylm = (z-h)ln will be the per- ' 
pendicular from (_/", 0, h); .: x(x—f') + i/' + z(js~h) = 0, (1) and 
a' (x - /y + b'y' — c'(z- h)' = 0, eliminating y, 

since fl(a* - b*) = *'/(&' + c«), 
we have (a'-i») {a:-/-W/(o - J'')}'=(*'+c*) {«-A+i5'A/(J'+c')}'; 
,./{a,_/,^6y/(a'_i')}=A{^_A+^i'A/(6« + c')l. 
The negative sign is inadmissible, since it would give 

f(x-/) + h(z-hy^o, 

or, with (1), (x -/y + y" + (z - A)' = 0. 

(5) If (f , 77, 0) on the focal ellipse correspond to (x, y, 0) on the 
ellipsoid, f /(«"- c')^x'la% v'Kb'-c') =-y'lb'', at the focus of the 
flat ellipsoid f = V(a' - * ), .*. ^ = a^i^ - V)l'sJ{a^ - c"). 

(6) Let /, ^Tj h be coordinates ofP; at (^^ = (1— c^la*)/^ 
y^(\-'c'lb')g\ at P' and G' x^^il-- c^la')f,y^sj{l"c'lh')g] 
hence P' (?' is parallel to O2;, P(? =; P' G' by Ivory's theorem. 

(7) The reciprocal locus is that of a point on the sphere, the 
sum of whose distances from two fixed points on the sphere is 
constant. Prove the last part by infinitesimals. 

XXVIII. 

(1) For a central cyclic section let « = .«?* cos ^, a = «'8in^, 
where V co^^djQ)^ - &) = a^j(a^ - c/^), and for the cylinder, by 
Art. 345, (a»-.c0a?7aH(6^-c^)//6*=l, 

.•.a:'Va'+//J" = *•/(*' -^'); 
if 8 be the focus O/S^cos*(9 = a''(a'-60/(a*-c'), for the parallel 
section touching at the umbilic, 08 cos 6 = distance of umbilic from 
plane yz. 

(2) By Art. 356, 8R bisects l Q8Q', l8PR = 90\ 

(3) Let (rcos^, 0, rsin^) be the vertex V on the focal 
hyperbola, a the radius vector in direction F, y8 the serai-diameter 
of the section (a, c), conjugate to a, ; a, V semi-axes of the section 
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by the plane of contact, p the distance of its centre from 0, then 
a^+/3*=a»+c^ pr = a% and a"l I3'^\^p'l(i'=^b"lb'=(a"^b")l(&'-h'} 
and a~' cos^ + c"^ sin^'i^ = a'^ (a' - b^) ^ cos*'^ - (V^ - c')"^ sin^^ = r'^ ; 
the square of the distance required 

= 6'V(a" - b") = b' (1 -Vlr')l{a^ + c' - i' - a^ 
= 6* {cos''* / a» + sin V / c' - cos^c^ / (a* - b') 

+ 8inV/(^^'-cO} / [{a? - 60 8in^0/c' - (V - c') cosV/a*}, 
reducing to &V {(a^ - 6') (V - c')}. 

(4) Let (a?„ y^, ^J (cc^, ^^, z^ be extremities of diameters con- 
jugate to the diameter of x^ /a^y^/b'\- z^ /c^ 1, whose directiou is 
(Z, ?>2, w). The two planes a:Xj/a+..,= and xxJa+,..=-0 are 
conjugate and perpendicular, /. x^xJa-\-...— and a?^^g/a'4-...= 0; 
.\ x^x^ : y^y^ : z^z^ =^a\b-c): V (c - a) : c' (a - J), 

also lxJa-\-...= 0^ and Za?j/a+...= 0, or Za(J — c)/a;j+...= 0, 

eliminating ^^^ the quadratic in y^ : z^ is to be satisfied by an infinite 
number of values ; /. ^ or n *= 0, if ??i = 0, P/(a - J) = n^/(b — c). 

(5) Let S, G be the focus and centre of the sphero-conic, SY 
perpendicular to the tangent at P, the vertex of the cone L COS^y, 
sin*7/(a* — J*0 = cos'7/(6' + c*); and let \x-^fiy + vz = be the 
equation of OPY, where XV + fiV- vV = 0, 

fi (x COS7 — 2? sin7) 4- {v sin 7 — X C0S7) y = that of fi'O F; 

.*. (/Lia: — X?/)* cos''*7 = (fJLZ + vy)'' sin*7, 

(fix - Xy)' + (Xo; + fiyy = (X' + fi') (x' + 2/'), 

.-. (fix - \yy = 05* +3/' - 1^/-*, (fA« - vy)' = ^^ + 5;^ - XV* ; 

... (a;- + ^« _ vV) (6* + c') = (/ + i^'^ ^ XV) (a' - i*), 

(^' +/) (S' + c')- (y'-hz') (a'^b')^{v\b'-^c')^\\a'- b')} r'=^bV; 

:.(x'-hy'+z')(F-hc'-a')=^z'(b''^c')^x'(a'^F). 

Aliter. By spherical trigonometry, let 8' be the other focus. 
S'P+8P=2a, CY=p, 8Y^p', LC8Y=e, and let 8'P, 8Y 
produced intersect in T, then S'T= 2a, 

COS/5 = cos 7 cosp' -f sin 7 sinp' cos 5, 

cos 2a = cos 27 cos 2p + sin 27 sin 2p' cos 6, 

whence sin'^a = cos'^7 + cos*p' — 2 COS7 cosp' cos p. 

If (Z, nij n) be the direction of OY, cosp = w, 

cosp' = Z sin7 + w COS7, cosp' — COS7 cosp = I sin7 ; 

.-. sin^a = cos*7 (I - ri") + I' sin^ ; /. a' ^ (b' 4 c*) (1 - w^ + (a'^b') ?, 

or (i-* + c' - a') (x' + y' + z') = (5^ + c^ 21^ - (a* - V) x\ 

The equation of the twb tangent planes through the line 

x\l — y\m = z\n is (?/a*+...) (x^\c? +...) = (Ixjd'^ ■{-,,, y^ 

and if they be perpendicular, the sum of the coefiicients of :c*, y^*, 
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and «* will be zero ; /. (Pja* ...) (a"* + J"' — c"*) = P/a* +..., whence 

is the locus of the line, a cone having the same cyclic sections as 
the cone above. 

(6) Take a section through 8 perpendicular to F/S, 8 is the 
focus of the section, Art. 372. Let tangents at P, P' intersect 
in Q, and the third tangent intersect these in T, T\lT8T'=\l PSP'-, 
and if z T8T = 90^, PSF will be a straight line, and Q on the 
directrix. 

Reciprocal Theorem. FP, VP' two fixed sides of a cone, and 
VQ any other side, intersect a circular section in p,p'y j, ^ViV ^^ 
constant. 

(7) Taking the section as in (6), P8P* being a chord through 8^ 
F/8//SP+ F/S//SP' is constant. 

Reciprocal Theorem. Two tangent planes intersect in a line in 
a cyclic plane, shew that the sum of the cotangents of the angles 
which the cyclic plane makes with the two tangent planes is constant. 

XXIX- 

(1)1. Turn xOy through 45", 3a' - (a^ + y*) + 2 {/ -f)^ a\ 

2. /-f5-i = 0,^=l,--|,-i,a:»-i(y» + aO = «'. 

3. 5 = -l,2±V3,a:Vi(V3+l)'+y/KV3-l)"-^'=^l. 

The method of Art. 415 gives fl5=2;=^/(± V3 — 1), for5=2±\/3; 
it fails for s = — 1, but s(x* ■{■y* + z^) — x^ ^y^ — z^ -^^xy—^yz — A^zx 
= -2{jy+^(jB4a)}*-f (^-l-«)*=0; /. « + « = 0,y=0 are the equa- 
tions of the axis corresponding to « = — 1. 

4. The equation may be written (a? + y + a)* — «' = a^ shewing 
that it is a hyperbolic cylinder ; and 5=0 or ± V3 + 1 ; corresponding 
to 5 = 0, = 0, and a?+y = 0, for « = ±V3H-1, a» = ys = «(5+l); 
/. a: = ^ = «/(± V3 — 1). 

5. As in Art. 427, 2(0 + y+4)'-(2y~f« + 3)'+|(ir-6)'=52, 
the three conjugate planes intersect in the centre (6, 6, — 10). 

6. 5 = — 1, 1 ± \/2 ; for the axis corresponding to «, by Art. 415, 
xs ^ y (\ -\- s) =^ z (l+s) ; as in 3, when « = — 1, a: = 0, y + 2 = 0, and 
when « = ± V2 + 1, a?/± ^2 = y = a. Centre (0, -• I, 1) is on the 
surface. 

7. Or {a;+i(y + i5-7)}' + f (y + 50-7)* + §(0-3)«+(?-55=O. 

8. Or 14 (y — a?)' — (a + 3y ^ 4ic)' = 1 ; axis x^y^z. 
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(2) The equation is (a'+ J'+ c*) (0?*+ y*+ «■) - (flw? + Jy + ci?)' = 1 , 
Art. 58. 

(3) s'-(a'+ J'4c*)s'-f 4a*JV=0, one root negative, «i"*+ V*+ V*=0. 

(4) aC''h'* = (aa' ^Vc)b'/c\ &c., /.the equation becomes 
(a^ + h'z + c'y)» + (aa' - b'c') (b'z + c y)V6V + a (2a"x +...+ d)=0, 
a paraboloid whose axis is a: = 0, b'z + c y = 0. 

(5) The equation is (a - 1) «'+ (2^+3^?+^)'+ 2a"aj +...+ rf = 0. 

i. If J"=2i8, c"=3/3, (a-l)aj*4 (2y+Sz+x+0y+2{a"-fi)x-{-d^l3'-=^O, 
a = l, a parabolic cylinder: a>l. an elliptic cylinder, or line- 
cylinder, or impossible, as 

(a"-y3)V(a-l) + i8'-cZ>,=,or<0; 

a < 1, a hyperbolic cylinder, or two planes, as 

/S" - d-(a" - )8)V(1 - a) is finite or zero. 

ii. If (1= /S, 5"= 2/8, c"= 3/8, and a= 1, (2y+32;+^+i8)'=/9'-(i!^ 
representing two planes parallel, or coincident if /3^ = (/. 

(6) For a generator of the opposite system, y — a = ow?, « — a = /8y, 
where — a = )8(a + aa); /. y« + «a;4-a?y — «(^+y + «)+«' = is 
the equation of the hyperboloid, centre (^a, ^a, ^a) ; referred to the 
centre and axes it is ^'' — i(y*-f «") + Ja*=0, liie eccentricity is V|« 

(7) «' — |.<f + f = 0, 5=1, ^, -f ; the corresponding direction- 
cosines of the axes are as - V3 : 1 : - 1, : 1 : 1, and |V3 : 1 : — 1, 
those corresponding to « = ^ are obtained from the two factors of 
**a ~ i (^' H" y* + ^') equated to zero, the result of Art. 415 giving 
an indeterminate result in this case. The focal conies are 
y* — f «* = 1 and fa;' + fy* = !> eccentricities Vf and Vf- 

(8) For the centre, a;-f /?«— a=0, y+g^a?— J=0, -«-f2>«+2y+c=0, 
1. a: (aj — a) + y (y — J) + « (25 — c) = 0, the locus is a sphere. 

ii. When the centre is on the surface, ax + by- cz = and 
«' -f y' + «' — 2cz = 0, the locus is a circle. 

(9) By Art. 414, either 6' or c=0; let J=0, then f^(C''aXc''b')j 
the section by the plane of o^ is a parabola whose axis is that of the 
paraboloid, /. c^ = ab and c^a-\-b] the equation of the section is 
(a? V« + y 's/by + 2a' X = 0, and that of the diameter bisecting chords 
in direction (Z, rn) is (l's/a + m^/b)(x^/a+y Ajb)-\-a"l=^Oj which 
will be that of the axis, if it cut the chords at right angles, t.e. if 
l/j^a = m/^b ; .*. the equations of the axis of the paraboloid are 

a 
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XXX. 

(1) Treating the two planes as a conicoid, the bisecting planes 
are principal planes corresponding to the roots s , s^ of the cubic, 
the third principal plane being any plane perpendicular to the line 
x/A = f//B^z/C, where ^ = (aa - 6'c')"', &c. Let (X, /a, v) be 
the direction of the normal to either of the two planes, then for 
any point in either, by Arts. 417, 418, the following equations hold 
(aa: + cy + J'«)X+... = 0, Xa; + /iy + v« = and XA-\- /i5+v(7=0. 

(2) Let X, fly V and X', /*', v be the minors of the discriminant 
of aic"+...+ 2ay«+...->a(a;' + y* + «*), a, jS, 7 being the roots of 
the discriminating cubic f(s) = 0. Since the discriminant vanishes, 
as in Art. 391, W'=fjbv, &c., /. XX'* = fiH''^^' y^'*> also l\'=mfjL=^nvy 
:. r/X=w7A*=wVv=(X+/[A-|.v)", and X+AA+v=/(a)=(a-i8)(a-7). 

(3) Let the equation be /Sy^ +7«'+...= by transformation, if 
be the angle required, tani^= V(/8/— 7) ; 

.•.tan5 = 2V(-/37)/(y3 + 7) = 2V(- /,//,), 
t^ith the notation of Art. 413. 

(4) If the line (| — ^)/X=...=r meet the surface in two 
comcident pomts, 2m IX -7-g+...+ 2/Ltv^— -,- +...) = l^;?- +.•.) • 

Take three lines through the same point (a;, ^, z) at right angles, 
and add the corresponding equations ; 

(5) * = or a + J-|-c±V{(« + S + c)*-3(6c + ca + ai)}. 

(6) Compare with (a?' + y' + »') cos*^^ = (h 4 wy + nz)% Art. 60. 

(7) Let the plane be lx + my-\- nz ==^, the equation of the cone 
IS p' (ax* + hxf + c«') — {Ix + my + nzf = 0, which must be the same 
as A{3f •\-'^ •\-^^''B{\x-\'yLy->rvzf^(), Shew that 7, ?w, or n 
must = 0, unless a = b=c, and that if w = 0, /* = 0, and 

(8) Let the transformed equation be aa5* + ^y* + 7«'= 1, the 
given plane is x\/a + y 'sJP-^z ^7= 1, and, by Arts. 237, 240, the 
area of the section is ir [3a^y/(oL + ^ + 7)}"* (1 — J). 

(9) A sphere, whose centre is in the axis, cuts the surface in 
two parallel planes ; the left side of the equation must therefore be 
A* (x^ + y^ -^ z^ -^ 2yz cosa + 2zx cosy8+ 2^y C0S7} - [A(x±i/±z)Yi 
.\ (cosa±l)/a=&c. : the four forms in which (x±y±zy can appear 
are (a: + y + ^)% (^^? + y - ^)^ &c. 
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(10) The equation of the coae referred to the vertex as origin 
IS cr (ax^- + Jy* + cz^) = (afx + hgy + chzy, where cr stands for 
a/** + hg^ + cA' - 1 ; if 5^, 5^, ^g be written for s - ca, « — <r&, s — cc, 
the discriminating cubic will assume the form 

or aYlis - o-a>+ 6y /(s - ah) + c'AV(s - <rc) + 1 = 0, 

also 0/"'+ J^*+cA'=l + <r, multiplying the first by <r, and adding, we 
obtain flOf^ -- crO. + (/'/(J-^^ - as''). + h'l.(c" - cr«-\) = 1. By 
Art. 415, the direction-cosines of the axis corresponding to s are 
inversely proportional to a'is—a^-Vdja^j &c., or to bcgh(s—aa)^ &c. ; 

they are therefore as fl{dr^ — as'^) : g](h'^ - o^O • ^l(p^ " *^0 J 
hence the axis is a normal to a confocal passing through (/, g^ K). 

xxxi. 

(1) The equation is 2^^ = (2m — 1) (iw — 1), and the cubic reduces 
to »' - (4w' + 3) 5' + 4w' (m' + 2) 5 + 4 (1 - w*) = 0. The surfaces 
are m>l or < — 1, ow?* + i8y'* + 7;3* = +, an ellipsoid; ?w==l, 
•4a5'+3y*=0, a line cylinder ; w < 1 > ^, aa;*+/%*-72; = — , a hyper- 
boloid of two sheets ; 771=^, aa?*i-)8^*— 7»*=0, a cone; w<^> — 1, 
^1+ ^U^ " 1^ = +? 21 hyperboloid of one sheet ; «2r= — 1, 4aj' -f^ 3y* = 6, 
an elliptic cylinder. 

(2) ^* + y* + «' - r' {ayz + fo^ + cajy) = gives two planes 

(Ix + my + w«) (a?/ l + ylm + zj n) = 0, 
equating coefficients 

--aJcr^=(m'+«')(n'+?0(f'+^'07^^*^'=(^/wH-^/^)'+- 

(3) The equation of every surface of revolution through ^ = 0, 
y = is of the form w* («'+/+ «'')-(Za;+7wi/ + w«)*+2^ii;+2%=0, 
and when it passes through y = a, « = 0; n* — ^ = 0, ^ = Zma and 
(w* — m*) a* + 25a = ; hence the equation becomes 

(f* — w*) (y^ - ai/) - 2lmx (y - a) ± 2 (te + wii/) ?i2j.= 

or (P — w') (jj* — ay± xz) - 2Zw {aj (y -^ a) Ty2f} = T (Z* + w') a;«. 

(4). ao^ + iy* + ca' must be of the form 
a {3? + y' + 2J* + 2^j5 cosX + ^zx co&fi + 2^y cos v)— i8(Z.r +.wy + W2f)', 
.-. a = a + j8P = b.-\-^irf?=c + ^n? =^^mn J cos \=:^nll cob /i = film J cobv 
= /3?cosX/cosf6 cosi^ = a cos\/(cosX- cos/icosv) &c. 

(5)' s (aj* 4- y* H- «*) — a^* — hy^ — cs* is transformed to 
8 (05* + y' + 2f' + 2a'yz + 2^2?^? + 2c'a?y) - 2m (ya + ^jx + a;y), 
each, when equated to zero, being the equation of two planes; 
.-. /- [(sa' - my + {sV-my + (sc'- m)"*}'* + 2 (W - m) (sb'-m) {sc-m\ 

= (l-a'»-.6'«_c" + 2a'6V)(5-a)(5-6)(s-c); 
equating the coefficients, gives the results. 
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If a'=iy = c' = i, aJ-f&c + ca = and (a + J4-c)"«- V «^ 
■whence «' - (a + J + c) ** 4 ^ (a + & + c)' = 0, whence the three 
values of «/(a + 6 -f c) are }, f and — J ; .-. a = J = - 2c, &c. 

becomes a complete square if 5 = — 1, and the transformed equation 
must be oic* — y' — a' = 2e?, since s (jx? + y' + «*) — w reduces to a com- 
plete square for « = — 1, only when the coefficients of y" and «' are 
equal The last term of the reducing cubic, being a (— 1)^, gives 
the result. 

(7) Let the two discriminating cubics be «* — ^« — 25 = and 
»'* - A' 8' - 2B* = 0, where ^ = a" + J' + c*, -B = ahc^ &c. : when the 
two conicoids are confocal a"^ = s'^ -f A;, 

.-. 5« - ^'j? (1 + fef)« - 25' (1 + *«)» = 0, 
and comparing the coefficients we have B' lA -^-BIA^^O and 

B"IA^-^B'IA^^^. 

(8) Let a^Vc'la'^b — c'a'Jb' = c - a'J'/^' = *) ^^^^ tl^® equation 
of the surface of revolution is of the form 

8 (a? + y' + «') + ab'dixla! + ylV^zjdy'^2a"x^ib"y + 2c"«+rf= 0, 

and if (^,17, f) be the focus, Z^+ wiy + n«-^ = the equation of 
the directrix plane, the equation is also 

(a?-f)' + (y-i7)" + («-?)'-('^ + wiy + w«-i?)' = 0; 

.-. y = mV = nc' = (a'-' + r* + c'-')^*. 
^P = — JV/a' = 5 — a iSsc. (1) ; /. « = 3« — a - 6 - c. 
«CpZ-f) = a"&c. (2) and «(f + 17' + ?'-/) = ^, (3) 
/. by (2) a' (5f + a") = V (st) + i") = c' (5?+ c") = #pia' 
- {8(a"^ + y'17 + o"f ) + a'" + i"' + c"'} / (a'Va' + V'/b' + c"/^'), 
and ^y = s' (f ' + 17' + n + 28 (a"f + J"i7 + c"?) + a"' + b'" + c"' ; 
/. by (3) 8 (a"i + y'17 + c"?) + a"* + *"* + c"» = i (a"" + 6"' + d" - ^tZ). 
The equation of the directrix is ala' (he •^my-{-nz-p) = Oj and 
by (1) 8Pa" = - a'b'c' 

and 8la'p = i (a'" + b"' + c"« - ad) I (a" j a' + ^/J' + c'Vc'). 

(9) Let a sphere, centre 0, of unit radius, intersect the axes in 
Xj y, z, the axis of rotation in A^ and the lines joining to any 
point in its first and second position in P and P' ; let (?, w, w), 
(f, m'y n'), (\, /lA, v) be the directions of OP^ OP' and OA^ 
iFAx^^^ LP'AP^e^ AP'^AP^aj and take n the pole of 
AP\ then, by APAx, Z' «= X co3a+ sina sin^a; cos^, and, by APAa^ 

Z = Xcosa+sinasin^a;cos(0 — &), and cosn^^sin^xsin^; 

/. ?=X cos a+(Z' — X cos a) cos & + sin a coslla; sin 0j cos a=X?+ftm'-f w', 
and, by Art. 24, cosUx sina = fni' - vm\ Ir, mr, nr and Tr, wiV, nV 
are the coordinates of P and P', r being the same for both. 
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Taking the conicoid a.2?'+...4-2a'y«+...=l, the equation should be 
unaltered when we write — a?-f 2X(\a;+/Lty+v«) or — a:+2Xp for ^, &c. ; 
/. - 4:p {a\x +...+ a (fiz + yy) +...} + 4p" (aX'+...+ 2a>v + ...) = ; 

.'. s (\x + /ty + vz) = (aX + c'/i + JV) a: +...+..., 

which gives the equation (1) of Art. 418. 


XXXIL 

(1) A plane through the vertex contains only two points of the 
curve besides the vertex, hence a straight line cuts the cone in two 
points only^ 

(2) If it could cut in more than n — 1 points, a plane through it 
and any other point of the curve would cut the curve in more than 
n points* 

(3) Let P be the point of crossing, Q^ R points on the two 
branches near P, each conicoid of the cluster passes through P, Qj 
and B^ and is touched by the plane PQB in its limiting position. 
If P' be a second point of crossing, a plane through PF' and 
any other point contains 5 points of the base^ which is possible only 
when the base is two plane curves. 

(4) A conicoid can be drawn through the point P common to 
the straight line and curve, six other points on the curve and two 
others on the straight line, so that the line and curve both lie 
entirely on the conicoid. Art. 447. 

A plane through the line meets the curve in two points besides P, 
and the line joining the two is a generator. 

(5) The tangent plane at P to each of the conicoids must 
contain Q and a point on the curve consecutive to P. 

(6) Take ^, P, (7, i), E for the five points, and let AE intersect 
the plane BGD in 6, an infinite number of conies pass through 
Bj U, D and e, each being the base of a cone, vertex -4, of which 
AB is a generating line, similarly an infinite number of cones with 
vertex B and a generating line BA pass through the five points ; 
and each pair of cones gives a cubic curve through the points. If 
six points be given only one conic can be drawn in each case, 
^o four of the five points can lie in one plane. 

(7) By (4) one conicoid can be drawn containing the curve and 
the line joining an arbitrary point with any point of the curve, 
the other generator through contains two points oh the cubic 
curve, the plane through the two generators containing three. 
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(8) A straight line L intersects the projection in three points 
only, since only three points of the curve lie in the plane containing Ij 
and the origin of projection. Also, by (7), one line through 
contains two points of the curve and their projections coincide in a 
point P, hence any line L which passes through P containgi twa 
coincident points of the projection. 

XXXIIL 

(1) The plane cuts the curve at P^ Q and a third point JK, a 
conicoid can be drawn through P^ Q^ M, four points of the curve, 
the given point 8 of the chord, and a point in SS, thfe curve will 
lie entirely in the conicoid, B8 and PSQ will both be generators, 
and 8 the point of contact. 

(2) By Art. 451, the common generating fa'ne counts for four 
points. 

(3) The given conicoid (-4) contains the five points, let L and 
L' be two generators of the same system ; a second conicoid (5) 
passes through the five points and three on X, and (.4, B) is the 
base of a cluster, which is the cubic curve C and the line L ; a 
third (J?) with (J.) forms the base of a cluster (A^ B\ which is 
the curve C and line L' ; four of the eight points common to 
A^ B and B lie on L and L'y two on each, /. only four would 
be common to C and G'y unless they coincided ; hence for each 
system of generators there is only one cubic curve through the five 
points on A. 

(4) Let the cluster be denoted by the equation 

ax^ +...+ 2ayz +...+ 2a'x -f ...+ c? + X (oaj* H- iSy" + 7^?" - 1) = 0, 
for any individual of the cluster the centre is given by 

(a + Xa) f .+ c'ly + J'5;+ a" = 0, 

and J'f+ai7+ (c+ X7) f+c" = aj 
and if the centre lies in the plane Ax + J5y + Cfe. + 7? = 0, 

Eliminating {, 9; and ^, the result is a cubic in X. Hence a 
plane intersects the locus of the centres in three points only. 

(5) The quartic curve lies on a cubic surface if that surface 
pass through 13 of its points; a conic on one conicoid cuts the 
curve in 4 points and lies on the cubic if 7 of its points are on the 
cubic, 4 of which may be of the 13; hence for each conic 3 more 
points are required, making in all 13 + 3 + 3= 19, and so fixing the 
cubic surface. 
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(6) For the fixed line, let x =y+ Zr, y = g + mr^ « = A + wr, for 
the normal to the conicoid aa5* + %* + C2J* = l, the foot of which is 
(f, 17, 5), /— f + Zr-afp = 0, &c.; eliminating r and p, we have 
another conicoid on which the feet lie. 

(7) If M = 0, w' = 0, give the base, the condition that m+\m'= 
may be the equation of a cone, gives, by Aft. 396, four values of X. 
Let M =0 (1), be one of the four cones, P the polar plane of its vertex 
V with respect to m = 0, the cone enveloping u — with vertex V 
has four generating lines common to it and (1), each of which has 
two coincident points, and since these points lie on both u = and 
u =0, the four lines are tangents to the base, and the points of 
contact lie on P. 

(8) Any plane through 0, the origin of projection, contains 
four points of the base, therefore the projection of the base is cut 
by a straight line in four points. 

One conicoid of the cluster passes through 0, and the two 
generating lines through each pass through two points of the 
base. Let one of the generating lines meet the plane of projection 
in P, then every line through P cuts the projection of the base in 
two coincident points. 

XXXIV. 

(1) \ (h?— mt^) + A* (»2y*— nz^) + v (w«'- rw^) = is the equation 
of any conicoid passing through seven of the points and two 
arbitrary points. 

(2) Let Ay B and (7, D be the points in which the given lines 
intersect the conicoid, refer the conicoid to the tetrahedron of which 
AB^ CD are edges, its equation being 

ayz + bzx + cxy + a'xw + Vyw + caw = (1). 

The common tangent of the sections by planes through AB 
and CD must be their line of intersection given by y = aa?, tt? = /8«; 
hence the roots of the equation 

aauKZ 4 hzx + cax* + a^xz + h'ajSocz + c'j3z^ = 
must give equal values of ^ : «, or the equation is 

{2cax 4- (aa + 5 + a'fi + b'afi) z}* = 0, 
and if (|, % t? ^) ^^ ^^^ point of contact, eliminating a and )8, 
2cf 1? -I- at)^ + ifl + a^(o + b'r)(o = 0, or c^rj = c'Jw. 

The equations of the locus are (1) and cxy = c'zw. 

Near Dj neglecting the squares of small quantities a;, y, Zj the 
tangent to the quartic curve at D has the equations z = and 
ax + b'y -]■ c'z = and intersects AB. Similarly for the points 
Aj B and C. 


48 PBOBL£MS XXXIV. 

(3) Take ABG the triangular section, OABj OBC, OGA the 
three planes, the three conies in which intersect OA^ OBy OG each 
in two points. One conicoid can be drawn through these six 
points, and one more point on each of the three conies ; hence the 
conicoid passes through five points on each of the conies, and 
therefore contains them entirely. 

(4) The hyperboloid 8 intersects the cubic G In the quartic 
curve Q and the two lines £, M of the same system, see Art. 458 ; 
8 and G' intersect in Q\ L' and M'. 

i. Let i, L be of the same system; 8^ G and C have 
18 common points, 6 on £, if and G\ 6 on L\ M* and C, .*. 6 on 
/5, Q arid Q\ 

ii. Let X, L be of opposite systems. 

4 of the 18 points are intersections of Z, if with Z', M\ 2 are 
on Q and L\ M\ 2 on Q and £, if, /. 10 are on Q, Q\ 

(5) Let Cg denote a curve of the 5*^ degree, S^, /S, surfaces of 
the third and second degree, L a line. 

G^, L lie on 8^ /5,; G\^ L on yg„' yg',; 8^ 8^ and 8\ have 
12 common points. 

i. Let Zr, L* not intersect, 2 points of 8\ lie on Z; 2 of ;S^j 
on L ; .-. 8 on G^ and G\. 

11. Let Z, Z' intersect, 3 lie on Z, Z' ; /. 9 on C^, G\. 

iii. Let Z, Z' coincide, corresponding to 5 points, Art. 451 ; 
.-. 7 on (7„, G\. 

iv. Z' a generator of /S,, 5 on L\ 2 or 1 more on Z, as Z' and Z 
are of opposite or the same system ; 5 or 6 on (7^, G\. 

V. L a generator of y8„ Z of fl^,', 9 or 8 on Z and Z', as they do 
not or do intersect ; .*. 3 or 4 on (7^, G\. 

(6) The quartic curve is the intersection of the conicoid 8^ with 
a cubic surface /8„ an arbitrary point on /S,, join to any 
point P of the curve, and let (?Q be a generator of 8^^ the plane 
POQ contains P and three points on 0$ and fig, the projection is 
therefore a triple point, and the projection of the curve is a quartic 
curve, as in xxxiii. (8), which can have only one triple point. 

(7) Let M + \v = give the cluster ; when X = V, let the coni- 
coid pass through a third point in AB^ which is then a generating 
line, ah is a generator of the opposite, system to AB^ As the plane 
turns round AB>^ ah generates the conicoid w + X'l? = 0. -B is a 
point in the base, plane abE meets the conicoid (V) in a generator 
EF of the same system as AB^ so that EF is a fixed chord. 
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(8) The cubic surface must contain 6 x 3 + 1 = 19 points. As 
in (5), complete intersection of /S,, S^ is (7^, that of 8^j 8^ is 0,', G^. 

i. GJy /8, give 6 points generally, /. C^, CJ give 18 — 6 = 12. 

ii. When 0^ = L\ (7,', Z' a generator of 8^j common to 
^> ^n ^«': gives 6 points, Art. 451, C,', S', 4 points, (7/, (7^ 8 points ; 
(7/ a section of /S,, common to 8^^ 8^^ 8^^ gives 10, Art. 452, i', 8^ 
gives 2, C^', (7^ 6 points. 

lii. When (7,' = L\ Jf, -ST^', if of the same system, C.', 8^ give 
12 points as in i ; if one be of opposite system C,', 8^ give 13 ; 
.*. C^j C^ give 6 or 5 points. L' a generator of yS, gives 6 points, 
M' and ^' each 2 or 1 point more as they are of the same or 
opposite system to X', (7^', C^ give 8, 7, or 6 points. L', M' both 
on 8^ give 12 if of the same system, JV^' 2 or more, as of the same 
or opposite system, (7^', (7^ 4 or 6 points ; if L\ M* be of opposite 
systems they give 11, and -AT' one more, .". (7^', G^ give 6 points. 

Zf', M\ A' all on 8^ and of same system give 18 points, 0,', (7^ 
do not intersect, if one be of opposite system, they give 16 points, 
and (7^', G^ give 2 points. 

(9) Let Jj^ M. N\}^ the cones, and let Z, ilf and i, jV intersect 
in plane curves, planes intersecting in the common chord GB ; refer 
to ABGD where A and B are vertices of M and N. For the 
vertex of i, fe = wi^S, 7 =* 0, 8 = ; let i, Jtf intersect in a = 4^, 
L, N in 13 = k'a. The equations of X, Jl/, IT are 

(fa-iny3)(^7 + jBS)+C77S = 0, (flfc - wi) yS (-^7 + 5«) + (7y5 = 0, 

and (l-mk')a(Ay + BB)-^GyS^Oj 

.*. if and ^ intersect in the plane (I — mk') a^Qk'-fn)^. 

XXXV. 

(1) The tangent plane at (f , 1;, f) is xlf'^yl7j-\'zl^'=Z, the 
volume GC |9;(f, .\ constant. 

(2) Since at any point (f ,17, ?) of the surface v?'^<^(V'^0~^V^ I ?j 
for the tangent plane afiyfC^/f +y/i?' + «/?') = «(^?+?f + fOj 
/. the intercepts are f*/a, i;*/a, f^/a. 

(3) Art. 525. The normal at P is the radius PG of the gene- 
rating circle, whose plane is inclined at Z 9 to that of zXj draw PM 
perpendicular to the plane of xt/j the projections of (7Jf and PG on 
Ox are equal, .-. cosa=sin7COS^, similarly cos)8 = sin 7 sin ^; the 
coordinates of P are (c+a sin 7) cos a / sin 7, (c + a sin 7) cos ^ / si n 7 , 
and a COS7. 

i. 7 constant, locus is two circles parallel to xy. 

ii. a = )8, ^ = iir, locus is two circles in a plane through Oz 
bisecting LxOy. 

H 
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(4) Let Z, ?w, n be the direction-cosines of the normal, 

^(x)^^ (a) dajdx = Ip^ f (x) +/' (a) dajdx = 7<r, &c., 

p and a being the same for the three direction-cosines, eliminating 
dajdx^ the ratios l:m:n are found. 

(5) For the projection of the normal at 

(a cos sin a, & sin d sin a, c cos a), a^ / cos 5 - Jy / sin 5 = (a* — J*) sin a, 
find the envelope, being the parameter. 

(6) In the question, for ^*+y' + a^ read x^ + y' + az. The 
tangent cone at the origin is aV = (c'-a*)(a;* + y'), which becomes 
a;^4-y*xs0 when a=0, and a*=0 when a=c. Writing r^for a* + y*, 
and a = sin a, the equation becomes 

(r T ^c cos a)* = c sina (c cos'a/4 sin a - 2f), 

the surface Is generated by revolution of two parabolas about the 
axis of «, = (c'— a*)/4a is the equation of a singular tangent 
plane. 

^(7) Let (a?- a)/Z— (y — )8)/w = (2? — 7)/w = r be the equation 
ofa tangent to the curve of intersection of the surface with the 
tangent plane aa'«+...= l; since (a, iS, 7) is a double point on 
the curve, three values of r must be zero, 

.\ aa*Z+...=0 and aa? + J^Sm' + ctw' = 0, 

and if (/j, w^, n,) and (?„ wi„ n^) be the directions of the tangents 
at the double point, 

the condition of perpendicularity gives the result. 

(8) When z is indefinitely large, bx^ vanishes compared with 
the other terms, and the asymptotic surface is {x + y)* = az. 

(9) A straight line drawn through any point (ar, y, z) in the 
direction (\, /x, v) meets the surface in two points at infinity if 
(ax- l)\-^byfi-\-czv = (1)^ and aX^ + J/i,' + cv* = ; (1) gives 
the asymptotic plane containing all asymptotes parallel to a side of 
the cone ax^ + by^ + cz'^ = 0, and the asymptotic surface is the cone 
a(x — a'^y + by* + cz* = 0, of which every asymptotic plane is a 
tangent plane. 

(10) The directions of asymptotic lines through a point (ar, y, z) 
are given by Xxja'-hfiylb'^vzlc'^O (1), and X7a*+/i7&'*- v7c* = 0; 
but, if xja^yjb and 2 = 0, Xja^^" p.lb^±vjc^2^ :. all the 
asymptotes lie in the plane (1) or xla-ylb + ^J^zlc^-O. 
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XXXVI. 

(t) A correspandlng sarface where ^=^x\fa &c. has the equa- 
tion (f + 17' + rO* - 3 (f + if) - ?• + i = 0, and is generated by the 
revolution about the axis of z of the curve 00 plane zx^ 

(r+r')'-3r-?'+i=o> or (r+r-iy=2(i-r> 

There are two double points on the axis of 2 at f = ± (2)"^, the 
tangents at which are inclined at ± \ir to the axis ; ?= ± 1 gives 
two double tangents. The former generate on revolution two» 
conical points, the latter two singular tangent planes. 

(2) The shortest distance between two consecutive generators 
}s perpendicular to both and therefore to the fixed plane, the tangent 
plane at a point in the line of striction contains the shortest distance 
at that point and the corresponding generator, hence the normal is 
parallel to the fixed plane. 

If (I, rj^ f ) be a point in the paraboloid at which the normal is 
parallel to either asymptotic plane ^/a?y/6^0, f /a*:i;/y=a:±6.. 

(3) Every straight line In the plane a: = meets the surface at 
two points at infinity.. See Art. 519.. 

(4) The plane y = mx intersects the surface in another plane 
« — a H- (2f — &) w' = 0, The section by the plane y = )8 touches the 
line » = 6 where of = 0, and a = a is an asymptote, the curve lying 
between the two lines z=a and z. = b. When z is infinite alone, 

(5) By turning the axes of x and y through 45* the equation 
iissumea the simpler form z (2a?' ± &') + 2axy, = 0. Both surfaces can 
be generated by a straight line moving parallel i(yyz and intersecting 
the axis oix] for an infinite value of a;, the generating line is ia 
the plane of xy ; for if a = — my, w = when 4: = or oq . ^ 

With the upp^r sign m has a maximum value ajbhj^. 

With the lower sign as x changes from to co the generator 
twists from the plane xy through 18^0°, crossing the plane of az 
where « = J/V2« 

(6) Write the equation (tt-c)'=4i;, the equation of the tangent 
plane is (f — a?) {m — c — 2(u- a;)} +...= 0, 

or I (2aj — tt — c) +*..= 2 (a? +y*+«') — (u+c)m=u'- 4t;— cuecw— c*. 
2{(2y-w-c)(2a-tt-c)} = (M-c)'-4u(M + c) + 3(M+c)' = 4o\ 
(2a: —M -c) (2y — m - c) (2;5— tt— c) = ^xyz + 2c (w* - c') = 4c' (m - c) ; 
/. the sum of the intercepts = c. 

(7) Let the equations of a generator of the surface be ar=7W2J+a, 
y = nz + bj where w, w, a, and b are functions of one parameter 0^ 
the variation of which gives rise to the different positions of the 
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generator. Show, by taking planes through each of two consecutire 
generators parallel to the other, that their shortest distance is 

(AmAb 'N. AnAa)/ V{(A»i)' + (An)' - (mAn - nAmy] ; 

Am = dm + ^d'm + yi*m+..^; and similarly for An, Aa, and Ai; 

/. AmAb ^ An Aa = dmdb — dnda + i {dmd*b + dbd^m — dnrf'a — dad^n) 

+ terms of the following order higher than the third ; the denomi- 
nator is of the first order, and by the data drndb—dnda ^I{ff){Ady 
is zero for all values of d, .% d7nd^b-{'dbd^m'-dnd*a^d€ui n=^Oy and 
the numerator is of the fofirth or higher order, whence the theorem, 
which is due to Bouquet. 

(8) Let P and Q be (0, 0, e) and (Zr, mrj c), where Imc « a ; 
shew that the tangent plane at Q has for its equation 

(0 — c)Zmrc3c(P-m")(nwj — Zy) (1); 

and at the surface 

(« — c) a?y = c [Im (a* + y^) — (? + »»*) ^} =^o(lx'^ my) (rnx — ?y) ; 

hence, where the tangent plane meets the surface 

ay (P — w') = Imr (Ix — «iy), 

a hyperbolic cylinder, the section by the plane (1) is the hyperbola ; 
the tangent to the section at F lies in the plane h-^my^O. 

(9) Let « + c = be the equation of the horizontal plane, 
(f , 17, f ) the luminous point, referred to the ajces of the ellipsoid 
a?*/a' + y'/6'+ 2?'/o'= 1. Putting ^ = — c in the equation of the 
enveloping cone, vertex at the luminous point, we have for the 
shadow the equation 

iPla' + v'lb' + i'l(f-'l)(x'la'+y'lb')==(x^la' + yvlb'^^lc-^iy. 

In order that the shadow may be circular, | or 17 must vanish ; let 
( = 0, the equation becomes 

equating the coefficients of a?* and y", ((T'/c* ^ 1) («' ^ i') = V^* 

17 « would give an ellipse within the ellipsoid. The square of 
the radius is a''(f/cH-l)/(^/c — 1), which is independent of b tox 
a given height of the luminous point. 

(10) The plane Zj; + fny + n2; = l touches the given conicoids 
if Z'a + m*6 + n'c = l and Pa +iw»J' + nV = l; 

/. r (a cos*5 + a! sin"^) +. . .= 1, 

shewing that the plane touches the third conicoid. 

XXXVIL 

(1) The tangent plane to the torse must contain tangents to 
both circles, which must therefore intersect in Ox] tet their equa- 
tions be a; cosd + y sin d = a and x cos^ + 2? sin^ ss c, so that 
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a Becdssosec^ (1); for the plane containing both, 

« - a sec 5 + y tan ff + s tan ^ = 0, 

and, when cb = 0, 8indy/a + sin02;/c= 1, which is a tangent to the 
conic y/zS + ^Vy-l (2), if /3sin'^/a' + 7 8inV/c' = l, or, by (1), 
(j8 + 7)sin'5/a* + 7(a^ — c'VaVssl; hence for all values of ^, 
«y = . ^ = cf(?l(pf — c') and the torse touches (2). 

(2) Writing p' for i* - «*, the equation reduces to 

3/(p^2a) = (pTay(±4a-p), ^ 

/. every real section parallel to zx consists of rectangular hyper- 
bolas, the extremities of the transverse axes lie in the curves, 

3y"(irT2a) = (x?a)*(4aTa?), 

which have conjugate points where a^±a and ys=0, the corre- 
aponding hyperbola being a conjugate line in zx, 

(3) The section of the asymptotic cone by the plane at infinity 
has a double point, the tangents at which are the inflexional 
tangents, and, by Art, 475, the surface generally touches that plane. 

(4) By Art. 517, \" = ±;av, and the inflexional asymptotes ar6 
' the intersection of the planes ± 2^X — yv — zyk^O^ and conicoids 
,6XV — {yv 4 2«/4)' + 3«V ^ 2a'\* = 0, and where they intersect 

i^yv — Zfif ? 4a*A»" = 0. Hence the hyperboloid of one sheet gives 
real ahd that of two sheets imaginary mflexional asymptotes, 

(5) The equation of the polar plane of a point (/, ^, A), being 
fxj{a + A) + gylQ) + A;) + hzjip + &) = !, involves one parameter, 
therefore, by Art. 4^4, it envelopes a torse. The foot (f , iy, f ) of one 
of the six normals from (/, ^, K) to the confocal aj'/(a + A') +...= 1 
is given by (a+A;')(f-/)/f =...=. ..sp, .•. ^(a+k'^p)=f(a-{'k*) &c., 
and the tangent plane at (f , ^, f ) is fxl(a + k' ^ p) +...= 1, which 
is one of the polar planes enveloping the torse. 

(6) The equation of the tangent plane to one of the confocals 
;r7(a + *)+...= ! is Za? + w«y+wa = {?a-|-«i*6+w'c+A;(?+m'+w*)}*, 
and the tangent plane to the torse is common to all the confocals, 
/. f*+m*H-n* = 0; let 7w = «Zco8^, n = i7 sin ^, a point in the edge 
of regression is the intersection of three consecutive tangent planes, 
and its coordinates satisfy 

« + «y CO30 + ii sin^ = (a — J cos'^ — c sin*^)* 

— iy sin^ + iz cos<f> = (6 — c) sin^ cos0 (a — 6 cos'^ — c sin'^)"*, 

and — ty cos — ti5 sin = (6 — c)(cos"^^sin*^)(a— 6 cos'^— c sin*^)"* 

— (6 — c)' sin'0 cos'^ (a— 6 cos*0 — c sin'^)"*. 

The coordinates of the projection on the plane yz are given by 

r- ty 3= (i — c) (a — b) cos'0 (a — 6 cos'^ — c sin'0)"^, 

is = (6 - c) (a — c) sin'0 (a — 6 cos*^ - c sin*^)"^, 
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/. {y V(6 -«)]* + {^ V(c - a)}* = (J - <;)V which is the evolute of the 
focal conic yl(b — a) + «'/(^ — a) = 1. 

(7) The plane ^+y + i3? = 2isa triple tangent plane c(mtaimng 
the lines of intersection with the coordinate planes. Transferring 
the origin to the point (1, 1, 1), the equation is yz-^-zx-^^xy-^-xyz^d^ 
the new axes lie entirely in the surface, and are generating lines 
of the conical tangent yz -{■ zx -{■ xy ^ % but not double lines on the 
surface. For the last part, if (a;, y, z) be the point of contact, 

l\mi n;p=yz^l izx — lixy — l :2(4?+y + ;5 — 3), 

but (zx'-i)(xy- l)=aj(a; + y + z — 2) — a;(y + a) + 1 = (^— 1)', 

/. 4p"'wn = (^-l)'/(aj+y + «-3)^ &c., 

.'. (mny + (wO* + (Imy = ^p. 

(8) Take for the origin and the normal for the axis of x^ the 
equation of the conicoid will be 

ax^ + by* + cz* + 2a!yz + 2b' zx + 2c'xy + 2a"x = 0. 

Let the equations of a chord in the plane of xy be 2; = and 
<WJ + iSy = 1, /.at the extremities of the chord 

ooj' + by' + 2c xy + 2a 'x (ax + I3y) = 0^ 

which gives the tangents of the angles subtended at O by the 
segments, /. a + 2a" a = (7 J, where G is the givea constant ; simi- 
larly if y = and a'x + 7« = 1 be the equations of a chord in zxj 

a + 2a" a! = Cc. 

Shew, by turning the axes Oy^ Oz through any angle^ that b-h c 
is unaltered, /. a + a' is constant. 

(9) Take 35' + ^' = a' for the circle, and the axis of x in the 
position of the generating line when in the plane of the circle ; for 
any point in the generating line, when it has revolved round the 
tangent through an angle 9, 

x^(a-^z cot0)coB2d and y = (a + «cot5)sin25 (1); 

all the generators pass through Oz^ the line in which the surface 
intersects itself; the tangent plane at any point (0, 0, h) in Oz. 
is inclined to the plane zx at an angle 2d, where h^ — a tand. 

As in Art. 494, for the projections of the shortest distance which. 
is perpendicular to consecutive generators (d) and (0 + dd)^ 

COS20 Bx + Bin20 Sy -{■ tandS« = 0] 

and — sin 26 Sx 4 cos2d 8^ — i sec*5 Sz 

also, by (1), writing r for a + 2 cot 0, 

Sx=^-'2rsin20d0+Srcos20, % = 2r cos2^rf5 + Sr sin25j 

.-. by (2) tan ^ S« + Sr = 0, 2rd0 - J sec'^ Sz = 0, 

and Sr =^cot0 Sz — z cosec*^ d0j ,\ tan 0Sz = z d0y 

whence 2r = ;?/sin2^, or 2y = z. 


::} "••••«. 
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(10) Prove, as in Art. 495, i, that 

— a^x sin a + h^y cos a - (- c)^z = 0, 
. also a^x = cos a + (— c)^z sin a, h^y = sin a — (- c)^z cos a, 
-whence z ; and the second result comes from z being a maximum. 

(11) Q, the polar plane of P, (/, g, A), with respect to the 
confocal Q^l(a + Tc) +...= 1 (1), intersects the torse in the line whose 
equations are cc/*/(a + i) +...= 1 and :r/*/(aH- A)'+...= (2), in 
which Q intersects the consecutive polar plane ; let {x\ y\ z') and 
(oj", y\ z") be two points jB* and E" in this line, the polar line 
of jB'-B" with respect to (1) is the intersection o{ xx' l(a-^K) *f ...= 1 
and xx'Ka + k) +,..= ! I or, since jB' and JS!' are points in (2), 
(.^-/)a;'/(a + A;)+...= and (x-/)x"l(a+k)+...=^0* if (Z,7n,w) 
be the direction of this polar line I \m 2 n=(y'z"'-z'y")(a'\-k) :...:..•, 
but by the second equation of (2), 

yV'-^y':...:...=//(a + A)>:. ..:..., 

.'. l:m: n^^/Ka-^k) : ^/(6 + A;):A/(c+ A); 

hence polar line of R'R" is perpendicular to Q, and its equations are 

(a + k^ (a, -/)//= (* + A) (y - 9) Iff = (« + *)(«- *)/*, 
/. the quadric cone generated is (6 — c)// (a? —/)+... = 0, which is 
satisfied by (a + 4,) (4? —/)//=... = ..., the normal to any confocal 
through P, and obviously by lines through P parallel to the axes. 

XXXVIII. 

(1) Take for the conicoid aj?" + Jy' + c«' = l, the polar of 0, 
(fyffj ^)j is o/«+%+cA«=l, that of P, (f,^,?)? «f^+i^3^H-c55=l, 
by the condition of perpendicularity ayf H-J'^^ + c'AS'^O, a plane 
diametral to chords whose direction-cosines are proportional to 
a/, Jy, cA. 

(2) Take AB, CD of the fundamental tetrahedron for the 
common generators, the equations of the two hyperboloids will be 
ayz + bzx + cxw + dyw = and dyz + . . .= ; a generator of the 
opposite system, whose equations are y=\x^ w=fiz^ will be common 
to the two hyperboloids, if 

d\-\-b-{-cfi-^d\fi = and a'X + J' + c'/4 + rf'X/A = 0; 

there will therefore be two such, and the four intersections with 
AB and CD will be the four points of contact. 

(3) Let A be the point in which the four lines Intersect, and 
let a conicoid pass through the arbitrary points on three of the 
lines, and one of the points P on the fourth line, cutting it in a 
second point P' ; the pokr plane of A with respect ,to this conicoid 
cuts the fourth line in a point iZ, then AP^ AR^ and AP' are in 
harmonic progression, and P' is therefore not an arbitrary point. 
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Hence the only conicoids which satisfy the conditions are cones 
passing through the four lines, and, as particular cases, pairs of 
planes each containing two of the four lines. 

(4) Izx + myw =s is the form of the equation of the conicoid 
referred to ABGD^ tetrahedral coordinates. The polar plane of 
the centre of gravity (J, i? Ji i) is Z« + wy + fo4 w?(; = 0, which 
meets A G and BD where a; + y + « + w = 0. 

(5) The equations of the tangent cones at A and B are 

mzw + nwy + ryz = and Izw + nwx + rxz == 0, 

nw + rz^O is the equation of a common tangent plane, ly-mx = 
is that of the common plane section, containing the edge CD 
opposite to the common line AB. The six plane sections meet in 
the point xjl^ylm^zjn^wlr. 

(6) For the centre & + m w = «« + r m? = ?4f + wy = mx + ry, whence 
xl(r—n)=ylQ^m)^zl(r--m) = wl(l'' n). If the centre be at 
an infinite distance a; + y + + i^=:O. For the line joining the 
middle points (^, ^, 0, 0) and (0, 0, i, i), aj - ^ = y - ^ = - « = — w, 
.*. x^y and z^w^ and the line lies in the surface when 

Z + »n + n + r«0. 

(7) The equation of the tangent plane at (x\ y', z\ w) is 

I (yx + ay) - m (wz + z'w) = 0. (1) 

i. At the points (0, y', 0, w') and (x\ 0, «', 0) in BDy A C, 
for the tangent planes lyaf — mw'z = and lay — mz'w => 0, and the 
line of intersection is on the plane x + y-^z + w^O^ 

:, y'lm^'-w'll=^ll(m-'T)=:alm:=^-z'll^ 

and x' ^y\ z'^fc\ or the centre is in the line bisecting AB and 
CD, see (6). 

ii. At P and Q, la' = Ij^^simz^^ mv? ; /. by (1), for the tangent 
planes, (aj+y) is/l±(Z'V w) *Jm = 0, shewing that they are parallel. 

(8) It should have been stated in the problem that a is the 
intersection of the tangent planes at B, (7, D, and similarly for 
&, 0, and d. 

Tangent plane at -4, wy + w«+ I'w =0, (1) 

B, na + fe +«i'w = 0, (2) 

CyVfix^-ly +n'w7=0, (3) 

/), Vx-^-m'y-^-riLZ =0. (4) 

i. Each of the points a and h lies in the planes (3) and (4), and 
therefore, eliminating a, in the plane (11 —mm'^y— mn'z-^-l'nw^^Oj 
which contains A. Also where Aa^ Bh intersect, B is in the same 
plane, unless a and h coincide, hence, except in this case, It = mm\ 
the same condition as that for the intersection of (7o, Dd. 
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When a and h coincide, (I), (2), (3), and (4) are simultaneous 
equations, the same as when the centre is on the surface ; thus the 
surface is a cone, a, i, o, d in the vertex. 

ii. When the surface is not a cone, ahcd is a tetrahedron and 
W ^ mm! =^ nn' . 

(9) If the surface were ruled the tangent plane at D would 
intersect the surface in two real lines, :. xll + ylm-^zjn^sO (1) 
and li/z H- mzx + njry = should give real values of aj : y, but the 
roots of x' I P •}■ y' jm* '^- xy llm = are impossible. 

The centre is given by sll'-xlV ^^slm-^yfrrif^,,.^ where 
8 = xll+ylm + »ln + wlrj whence, it a-{-y-\- z-\-w=^Of 

« (Z + m + n + r)/(Z' + tw'+ n' + r") « (45-«)/(Z+ tw 4 n + r). 

The intersection of the tangent plane at D with ABG by (1) 
satisfies the equation xll-\-y]m-\-z\n^wlr^O) similarly for 
A^ B^ and C. 

XXXIX. 

(1) Let 8A be a perpendicular from 8^ the origin of recipro* 
cation, Art. 554, and let a be the point which corresponds to the 
plane of the circle. Join StoP any point in the circle, and draw 
ap perpendicular to /SP, and aQ parallel to 8P meeting AP in Q. 
A plane through ap perpendicular to 8P corresponds to P and is a 
tangent plane to the cone reciprocal to the circle, and aQ is a 
generating line of the cone reciprocal to that cone; and since the 
locus of Q is a circle, the plane perpendicular to 8A is a cyclic 
plane, a'n4 a8 is therefore a focal line of the cone reciprocal to 
the circle. 

(2) The trace of the reciprocal of the conic section (m if» platne 
is a circle. 

(3) Take the section APB cutting the focal line V8 of the 
cone in 8. By XXVII. (4) the locus of the feet of the perpen- 
diculars from 8 on the tangent planes is a circle; hence the 
reciprocal of the cone with respect to iS is a circle in the plane 
corresponding to F, which is therefore parallel to APB. Since P 
is in the plane containing 8, and the point corresponding to that 
plane is in V8 at an infinite distance, the plane corresponding to P 
IS a tangent plane to the circular cylinder whose generators are 
parallel to V8] and this cylinder cuts the plane in a circle, the 
reciprocal of APB with respect to 8f which is therefore one of 
the foci. 

(4) The reciprocal theorem is that if a coiilcoid circumscribe 
a tetrahedron ABCD^ and the tangent planes at A and B intersect 
the opposite faces in two lines which lie in the same plane, and 
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therefore Intersect, then the same will be true for the two Imes 
corresponding to G and D. 

ayz + hzx + cxy + dxw + eyw -{-fzw = 

being the equation of the conicoid, where the tangent plane at A 
meets BCDj cy-^-hz-^-dw^O and ^ = 0, and for the line corre- 
sponding to J5, cx-^- az-\- ew = and y = ; the two lines intersect 
it hja^^dje^ which is also the condition that the other two lines 
intersect. 

(5) The polar of (f , ^, f ) with respect to the auxiliary conicoid 
will be a tangent plane to the surface aa;*+...= l, if its equation 
(hX-^ c'i7)a;+...= 1 coincide with aaj'a5+...= 1, where aa;"+...= 1 ; 
.*. b'^+c'r)^aXj &c. 

(6) Let p be the distance from the origin of the point (f , rjy f) 
corresponding to the tangent plane lx-{"my-\-nz=p^ 

:, fa? + i7y + 55 = /:>/> = ac; 

but (yz — 2ax) I ^ ^ (xz " 2ay) jvij /. ^x-^rjy^O and fy^cic^ 

.-. «f'7 + a(f' + i;") = 0, or cji^i ?(f' + iyO = 0. 

(7) Let (/, j7, A) be the point 0, (?, m, w) the direction of one 
of the lines OP, and let ax + by* + c«* = 1 be the given conicoid. 
The equations of the reciprocal of OP are 

q/aj+...= l and a?ajH-...= (1). 

Show that the condition of perpendicularity is 

fil+g'im^Kln=^0 (2), where /'//= J'^-c"^ &c. (3); 

hence the lines OP lie on the cone /7(«--/)+-«»=0. 

The envelope of the lines (1), subject to the condition (2), has 
equations hj{f'ax) + '^(ff'^y) + *Jik'cz) = and afx +...= 1 ; if this 
be a parabola, its projection on the plane ay will be so also, and 
the condition is /' If ■\' g' I g -{- h' I k == 0, which is true by (3). 

(8) Let a plane be drawn perpendicular to the common focal 
line through any point 8 in it, 8 will be a common focus of the 
three sections of the cones, and the reciprocals with respect to S 
in the plane of the sections are three circles, whose radical axes 
meet in a point, therefore the intersections of the common pairs 
of tangents which correspond to these lie in a straight line ; hence, 
since the common tangent planes of the cones contain these tangents, 
the theorem follows. 

(9) (^, 17, ^, a>) being the pole of the tangent plane at 
(/, y', z\ w)f f J? -^fjy — (55 - «M7 = is identical with 

yx'^-xy-'kvdz'-liZw^O^ and ay'^kz'w\ 
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XL, 

(1) Since the minpr axes are equal, the products of the perpen- 
diculars on parallel tangent planes from the common focus 8 are 
equal in the two surfaces ; also the powers of the two spheres which 
are the reciprocals of the surfaces with respect to S are equal, 
therefore 8 lies in the plane of the circle in which the spheres 
intersect. The reciprocal of this circle is the cylinder enveloping 
each of the two surfaces, and ;S is the focus of the section of the 
cylinder hy the plane of the circle. 

(2) . Let E denote the conicoid, E' its reciprocal with reference 
to o] then there correspond, (i) to -4, -B, G in -B, three tangent 
planes to U' at right angles, (ii) to the envelope of the plane ABG^ 
the locus of the intersection of perpendicular tangent planes, which 
is a sphere concentric with E\ see prob. XXII. (8), (lii) to 8 and 
its polar plane with respect to E, a plane at infinity and its pole, the 
centre 0. Reciprocating back, the envelope of ABG is the 
reciprocal of the sphere, viz. a Spheroid, whose focus is 8 and 
directrix plane the plane corresponding to (?, which by (iii) is the 
polar plane of 8 with respect to E. 

(3) Reciprocating with for the origin of reciprocation, we 
have for F, a plane ; for the cone, a conic in that plane ; for the 
tangent planes, points on the conic; for VPj VQ and VB, chords 
of the conic ; for P, Q and B, planes through those chords mutually 
at right angles; for the envelope of PQBy the locus of a point 
from which three perpendicular lines pass through the perimeter 
of the conic. 

If the equations of the conic be ax^ + Jy* = 1, « «= 0, that of the 
locus will be, by XVI. (12), ax*+by*-{- (a + i) «* == 1 ; the envelope 
of FQB is the reciprocal conicoid. . 

* 

(4) The tangent plane at (x\ y\ z\ w) has the equation 

which must be the same as that of the polar afaj+...= of 
(5, rjy f, w), the point in the reciprocal correspondinff to the tangent 
plane; .*. l{rny' •\-nz' ■\'rw)ja^=^...) for a^ I l-^br]] 711+... write 8, 
ehow that Ix' : my' : nz' : rw = 8-3a^ll : /8— Sbi^jm : ..., and that 

(5) See Art. 525. Let OT be perpendicular on a tangent to 
the generating circle in any position, and take Q in OY such that 
OQ.OY^B"^] then-, if 6 be the inclination of OF to the plane 
Qixyy Or=a+c cos5, 0C' = r'4«', and 0^cos5 = r, 

/. a'(/ + «') = (ii'-.cry (1) and r^=^x^-^y\ 
The reciprocal surface is generated by ' the revolution of the: 
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hyperbola (1) about Oz^ which it intersects where z^E^fay near 
which point let z^B^la-\-^] substituting in (1) and neglecting 
f and r', cr + af=0; nence the angle of the conical tangent at 
the multiple point is 2 tan"* (a/c) = tt - 2 tan"' (c/a). 

^ (6) Let (^, 17, f ) be the pole of the tangent plane at {x\ y\ z'} 
with respect to the point (a, ;8, 7), .-. (f - a)(«- a)+...= ^ and 
(aoj' +cy + JV) «+...= 1 are identical equations, hence 

f-a«(a;r' + cy + JV)p &c. (I), 

and jB' + a(f-a)+...-p (2), /. »'(?-«)+...=/) (3). 

Eliminating y' and z' from equations (1), 

pAa:' = ^(|-a)+C'(^-/3) + J5'((:-7)&c., Art. 391; 

the result follows from (2) and (3). 

(7) If (a, /9, 7) be a point on a focal conic, the reciprocal 
surface of the last problem will be a surface of revolution, Art. 564, 
hence, by Art. 414, 

Aa'-^-(A7a-5')(^a^- 0')/(A/?7-^') =...=.., (1), 

and B'O'^AA'^a'A, 

"When the equations (1) become indeterminate in particular 
cases, as when the surface ii:'/a + y/6 + «*/c= 1 is given, the 
second form of the condition for a surface of revolution in Art. 414 
must be used^ 

(8) When the reciprocal of prob. (6) is a sphere, 
Aa'-^=Ay3"-5=Ay^C7, aqd AI3y^A\ Aya^B, Aa^=(7'; 

.-. Aa'^A^B'C'jA' ^A^Aa'jA\ so that A'jd^^B'lV^ Cjc'^ 

which is the condition that the original conicoid be one of revolution^ 

and ( Aa' - -4 + ^) (Aa* - ^ + C) = A^yS V « 4"- 

• !X.IjI. 

(1) Since the vertex of any cone passing through the inter- 
section of the two conicoids must lie in the common generator, the 
fundamental tetrahedron required in the article does not exist. 

(2) tt + v' = and tt + v" = are the forms of the equations of 
the conicoids touchiqg that for which tt = 0; and they intersect 
where v = ±v', 

(3) The equations must be of the forms u+vw — O^ u-\-vw'-0^ 
^ + vw" = ; the conicoids intersect where v = and w^w'== ui\ 

(4) Beferring the conicoids to the tetrahedron ABGDy their 
equations are Ix* + my* + nz^ + rw* = and fjc' + /»y + n'a' + r'w^ = Q, 
imd that of the cone whose vertex is A is 

Qnt! - Vm) y + Qn - Vn) z\ + (Zr' - Vr) to" = 0, 


PROBLEMS XLI, 61 

The tetrahedral coordinates of points in the plane BCD are 
proportional to the triangular coordinates in that plane referred to 
the triangle BCD. 

(5) Refer to the tetrahedron whose angular points are the 
vertices of the cones determined by the eight points, the equations 
of the conicoids being Zx^ + iw^ +...= and ZV4 wi'^ +...= 0; 
\ : fi will determine a paraboloid if (ZA.+ r/A)''*+(w\+wV)~*+...=0, 
giving three values. 

(0) Let \M+/^t?=0 be one of the cluster, (/, g, A, A), (/\ g\ h\ k') 
two points P, Q in the fixed line ; let i7= 0, F= be the polars 
of P with respect to u = 0, v = 0, and let ZZ' = 0, V = be the 
polars of Q ; the equations of the polar with respect to \w + /u,t? = 
are \C;+/^F=0 and \?7'+/aF'=0, /. ?7F'=7i7', and Z7, CT', i&c. 
are linear functions. 

(7) Using the forna of the general equation of a sphere in 
Art. 588, since the sphere touches AB^ z = and t<? = 0, 

gives equal values of x: y, /, ^pq =(p-\- q- c^y^ whence c =jp*+ 2*| 
similarly c' = r* + 5*. 

Oeormtrically. The sphere touches the edges internally, or 
three externally and three internally ; the three tangents from each 
angular points are equal, the result follows. 

(8) Each of the non-intersecting Uqcs containing three points 
must lie entirely in the surface, which cannot, therefore, be a cone ; 
let AB^ CD be these generating lines of the surface, P, Q the 
other two points ; a plane containing AB and P meets CD in some 
point 2>, and DP meets AB in some point P, /. DB containing 
three points is a generator, similarly A G containing Q is a generator. 

Referring to the tetrahedron. ABCD^ the equations of any two 
surfaces containing the eight points are 

7^» + na;t<? = and Z'y« + n'ajto = 0, 

imd those of the polars of (|, 17, t? ^) &i*o 

I {fy + fiz) + n (tox + f w?) = and V (fy + tjz) + n' (©a: + |i^>) = 0, 

and these will be fixed if either f^O, 17=50, or a) = 0, f = 0, that 
is, when (f, 1;, f, o) lies in u4i> or PC. 

(9) The equation of a conicoid containing AB and (7P is 
lyZ'{-mzx-^nxw-{'ryw^^^ and if the plane Ax^-By-^-Gz-^-Dw^O 
is a tangent plane at the point (f , 97, ^, cd), its equation must bo 
the same as (m^+ wcd) x + (^5'+ rw) y +...=: ; hence prove that 

^ : ij: ^: (0= Gr-- Dl : Dm - (7n : ^r — Pn ; Bm — -4?, 

and ^f + Pi7-f (7?+Pa) = 0, 
phewing that the condition of touching a plane is a linear equation 
l^etween Z, m^ n^ stnd r. 
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XLIL 

(1) Using the equations of XLI, (4) ; for the centre of 

(Z\ + Zy)a;*+...= 0, l\ -\- r fi = p I Xy m\-{-7n!ii = pjy^ &c., 

and the four cones are found by eliminating \ and fi from any 
three of the four equations. 

(2) As in XLI. (8) AB, CD of the fundamental tetrahedron 
may be taken as generating lines containing six of the points, and 
^G as a third generator containing the seventh point, the equation 
of the conicoid being of the form lyz -f nocw + rym == ; for a para-^ 
boloid the condition is Z + w = r, and any two paraboloids intersect 
where y (« + lo) = 0, t^> (^ +y) = 0, giving the three generators and 
a fourth fixed line « + i^ = 0, x-\-y = ^X infinity^ 

(3) Using tetrahedral coordinates,^ the equation of the conicoid 
is mzx-\-nxw-\-ryw=^j and the first bisecting plane is a;--^-a+w=0 j 
the pole being (f , 17, ^, a>), this must be the same as 

(wf + naai) x 4 rtoy 4- m^z -f (nf + rri) t<? = 0, 

whence ^ ' v > ?• fi> = — »': m + n : n + r : — ??*, 

and the pole lies in the second bisecting plane x — y + z-^w^O. 

(4) Let -3f=0 be the equation of the tangent plane at aa 
umbilie CT of a conicoid, the equation of the conicoid will b& 
/S— ilf*s=0, where 8 is the equation of a sphere, 8- M* = U will 
be that of a conicoid touching the former along the section by 
2i = 0; where ilf=0, S=L^j and if P be any point of the section, 
PM perpendicular to the intersection of Jf = and i = 0, Lac PM 
and S^PU'y :. PUcx PM. 

(5) When w = 0, the equation must be the equation of two 
planes, and as in Art. 91 the points of intersection satisfy the 
equations c'x + by + a& = and 6'aj + ay + c« = 0, from which th©: 
result follows. 

(6) Let thi*ee conicoids of the cluster be 

u ™ oic* +...+ 2fyz +...+ 2j>xw +...= 0, 

and let Aa + By+ Gz + Dw = be the polar of (a?', y\ z\ v)\ the 
same for each conicoid of the cluster^ 

.-. {ax' + Ay' + gz' 4 pvi^ / -4 = &c. 

and two similar equations, which 9 equations cannot generally be 
satisfied by the 6 ratios x : y' : a' : w' and A \ B \ G \ D. 

If (0, 0, 0, 1) and t^ = be the pole and polar which are fixed 
for all the conicoids, ^, j, and r vanish for each of the three 
conicoids, and the intersections of the conicoids lie in two quadrio- 
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«5ones given by (aa^'\'by*'\-cz'' ^y^yz + 2gzX'\-2hay) I d =:.,,=. ..^ 
whose vertex is at i), so that the seven points must lie on the four 
lines of intersection of these two cones. 

(7) Let a, /8, 7, 8 be the lengths of the tangents to the sphere 
from A^ 5, CjD; the tetrahedral coor4inates of the points of contact 
with AB and CI) are 

j8/(a + /S), a/(a + i8), 0, and 0, 0, 8/(7+8), 7/(7 +«), 
and ojx^^y^ yz^Sw are planes containing both; /. ax=fiy=yz=Sw 
is a point which lies in the line joining the points of contact of 
AB and CD, similarly for the other opposite edges. 

(8) The polar of the centre (f, 17, f, ©) is at an infinite 
distance, so that l^ = wiy = wf = ro), and the centre of a paraboloid 
being at an infinite distance fH-^ + f-fft) = 0. The paraboloid will 
be hyperbolic or elliptic as the equations Za?*+...=0 and a+y+«+w=0 
give a real or imaginary curve, shew from 

Ix' + my' + n«' + r (a? + y + «)* = 0, 

that {(Z + r)aj-|- r(y + «)}' = Zmwr(y/n — «/fn)'. 

The equation of b'ca isx^^^or^-x + y-^-z + w^Oj which is a 
tangent plane at a point whose coordinates are proportioiial to 
- r\ m'^, n"\ r"'^ Similarly for the planes c'abj dVc and ahc 
omitted in the statement. The equation of the plane hcV<i is 
^ — y-i2H-t^ = 0, also a tangent plane, the point of contact being 
given by P, — m^, — n"\ r"\ The plane in which the three points 
of contact with c'a J, a'i c, and ahc lie, has the equation 

— Zo? + my '\-nz + rz^ = 0. 

The four lines mentioned in the problem all lie in the plane 
Ix + my + W2 + rM> = 0. 

(9) Let ABC of the fundamental tetrahedron be the plane 
containing five points and therefore a fixed conic, t» = and 
Za;* + my' + w«' = ; let I> be one of the two points, so that the 
equation of the conicoid will be 

W -f my^ + n^ + ^w (\j? + /^y + v^) = (1) ; 

the second point gives a linear equation between X, /a, and r. 

Let Ax-\-By \ Cz + Dw = be the equation of a tangent plane 
to (1) at (x\ y', z\ w')j so that 

Ix' -f \w' = pAy my' + fiw' = pBj nz* -f vw' = pCy 

Xa-^jjby + vz' = pDj and Ax' + By' + Cz' -{■ Dw' = ; 

find x'y y', and z' from the first three equations, and by the last two 
shew that p(A\ll+...- D)=^w' (\*ll+...) 

and /)(^«/ZH-...) = w?'(u4X/Z+...-i>), 

giving the quadratic equation 

(A\ll+...^Dy:=(A'll+...)(yiU...). 
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Each of the given tangent planes gives a quadratic equation 
ivhich, combined with the linear equation above, supplies four 
systems of values of \ fij v* 

(1) This property holds for any four spheres, Art. 137. 

(2) The equation of the circumscribing sphere is, Art. 587, 
a'j/z + Vzx + (?xy + a!*xw + If^yw + c'^zw = (1). 

The centre O is given, Art. 589, by the equations 

^^ + a^z + V'w = 2ii", 

Vx + a'y + c"w = 2 J2", 

ci'x-^V'y^^(i'z ^2E\ 

The square of the distance from 0* to any point P, (f , 17, 5j ®)» 

=_a«(y-,)(«-o-y(^-0(«-f)-<'*(«-f)(y-'») 

— a'* (x — f) («? — o)) — ... . 
The coefficient of f is c'y -f J*z + a'^^, E 2B'\ 
... 0'P' = ~i2"+2i2'«(| + i7 + ?+o))-.a'7??-^i'S?-.... 

Thus, if P be 0, (^/i>o) -S/?oj •••) ^^^ centre of the inscribed 
sphere, O'O'^^Ii"'- H' (a'lq,r^+ ...). 

(3) Taking the four points as the angles of the fundamental 
tetrahedron, the equation is of the form 

ayz + bzx + cxy + (cLX + h'y + cz) w = 0. 

The equation of any plane through the intersection of the tangent 
plane at A with the face BCD is of the form 

our + cy + i« + av) = 0, 
for any plane containing the line corresponding to B^ 

cx + fiy-k-azi' b'w = 0, 
and when these coincide 

h'la'^ajh, :. aa' = J J' = cc' = <t suppose. 

Let Ax '{-By-\- Cz + Dw = be the equation of a tangent plane 
at (x\ y\ z\ w') ; proceeding as in XLII. (9) 

2abcx* = — aaw + pa (— Aa + 5J + Ck), &c., 

and from the equations x'ja + y jh + z' fc = pDja and Ax' + ... = 
we obtain the quadratic equation 

(^a + jB6+C7c-2a5c2>/cr)* = 3(2j5J.Cb+...-^V -...). 

The three given tangent planes give three equations of the second 
degree in a, &, 0, and therefore eight conicoids. 
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(4) As in Art. 588, the equation of any sphere Is 

{px -{- qy •\' rz •\' sio) (a: + y + « + w) — a'yaj — ...^ a'^xw -...= 0, 

which becomes pa* -^ qt/* + rz* -{- sw* =' (1), if the fundamental 
tetrahedron be self-conjugate with respect to the sphere ; 

/. q+r=a% &c. (2), whence 2p 4 a' = J* + c' and 2p + c" = 5' + a'\ 

.-. a* + a" = 6* + 6'« = c* + c'*, also ^ = Jc cos5^ (7= a'b cbs 042) (3), 

hence the projections of AB and AD on AC are each equal to -4-^7", 
AG is therefore perpendicular to the plane BND^ and so to BD. 

Equations (2) shew that only one of py ;, r, s can be negative, 
and by (1) one must be so ; let p be negative, therefore, by (3), 
and since also p^cd cos B AD j each of the angles at A is obtuse. 

The sphere meets AB in P and P', where pz^ + w' = and 
p + ^^c\ .\q>-p, APIBPr=:^(-plq)^APIBP\ :. A \s 
withm the sphere, which does not intersect BDy DO^ or CB] 
,•. Bj G^ D are without the sphere. 

If ^ be the radius, the centre, by Art. 688 2)0' - -B" = «, and; 
by Art. 101, DO' = « - (jp"* + ?** + r^+ s'^y. 

(5) Let ax^ + Jy* + c«' + dw^ = be the equation of the conicoid, 
Pj, P,, P^, P^ the angular points of a second tetrahedron, and 
Xp y,..., ^j«-«j ^8«»M ^4*«« ^"®^r coordinates. The polar of P, 
contams P^, Pg and P^ ; /. ax,;?, +... = 0, dx^x^ +...= 0, and similarly 
aarjar^H-...= 0. If P„ Pg, P^ be given, these determine the ratios 
aihicid. Also Xj, y,... are given by aa?,a?j +...«« 0, aa^jaj^ +...= 0, 
and aar^Xj+...= 0, .*. P, is not in an arbitraiy position. 

(6) Let the tetrahedron satisfying the coddltions be the funda- 
mental tetrahedron for four-point coordinates. The tangential 
equations of the two conicoids will be 

UEaqr-^-brp + cpq + a'ps + Vqs-^c'rs^sO and V= Aqr -^ A'ps ^ ] 

using the notation of Art. 568, and the condition S(\l7+/LiF) = 0, 
see Art. 392, for determining the invariants, 

A' = A'A'\ & = 2AA ' (Aa' + A' a) 

<t> = {Aa' + A ay + 2AA' (aa' - IV - cc'), 

= 2 {Aa' + A' a) {aa' - hV - cd\ 

whence 0'(4A'<I> — 0")s=«8A"0 is true for any other fundamental 
tetrahedron. 

(7) The tangential equations of the two conicoids are pV ^+ • • •= ^ 
and//Z'+...= 0, /. A' = (ZWnVr, 

0' = {Im'n'rY + {Vmn'r'y + {Vm'nr'y + (Z'^Vr)"^, 

4> = (ImnVy^ + . . ., = (I'mnry^ + . . . . 

If we write Z', m!j n, r for Z, «n, w, r and Z"/Z, m**jm^ n'^jn^ r^jr 
for Z', m', n', r, the new values of A', 0', &c., will be the old oues 
multiplied by lmnrll'm'nr\ /. the same relations as before hold 
between these invariants. 

K 
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(8) Beferred to another tetrahedron with parallel faces the 
eauation is Z (a? 4- a)* 4- w (y + ^8)' 4- w (« + 7)' 4- r (w? 4- 8)* = 0, which 
when made homogeneous must have no terms in x", ^r*, s^^ and w*^ 

hence Z (1 4- 2a) = w (1 4- 2/9) = n (1 4- 27) = r (1 + 28) 

.-. 2a = */Z-l&c., /. 4A: + ?(*/?-!)• 4-...= 0, 
/. A' (r* 4- w"* 4- W* + r"*) - 4* + Z4- w + n 4- r = 0, 
giving, with the condition, two real values of k, 

(9) Taking the tetrahedron as the fundamental one, the equa- 
tions Will be 

Z7= aiB'+...+2ay«4-...4-2a"iri^+...= 0, 

F=flur'4-/3y"4-7«'4-8M>' = 0. 

This merely interchanges the U and V of Art. 568, thus 0' is 
replaced by 0, which consequently 5=aP+i8$4-7jB4 8)8 in the 
notation of that article, and, as shewn there^, vanishes. 

• 

(10) The equations of the two conicoids must be TMx+myw=^(^ 
and nyz 4- rxw = 0, shew that the discriminant of 

linyz-\-\lzx-\' fJirssw-\-\myw=^0 is fj,Wr*-^\^rfn^-'2\*fj,Hmnr^ 

:. <!>' = 4Pm'nV = 4 A A'. 

XLIV. 

(1) aajrfaj4-...= and Jjrrfd?4-...= give the ratios dxidyxdz 
orf — aj:iy— y:f— «. The taneent line at a? = y = « is the inter- 
section of the tangent planes af +Ji74-cf=a:~* and Jf +ci;4-af=aj"*. 

(2) y' 4- 2(ix = 4a*, a;' 4- isj' = 2aa?, take the differentials and write 
/, g^ for a;, y, «, x — / for dir, &c. 

For the normal plane dx : dy : dz ^g : — a : — (y*— a) ^/ A. 

(3) dxx dy \ dz^ih — c) ajf : (c - a) hjg : (a — J) c/^. 

(4) Let 7 be the constant angle, (r, 0) the projection of any 
point of the curve ; cot7 = c?r coseca/rrf0. 

(5) Let « = c<, x = r cos ^, y = r sin f, r' (cos*i/a* 4- ^\T?tj,V) = 1 . 
Near the point (a, 0, 0) let a? = a 4 f , then neglecting terms of the 
order of y®, 2|/a=-y*/J* and yla=zlc] .*. the direction-cosines of 
the osculating plane are as : dzd^^ : —dyd'^ = : c : — a ; similarly 
for the point (0, 6, ^ttc) the direction-cosines are as c : : — J. 

(6) Take P as the origin and the axes as in Art. 651, PQ = 8i 
,QN: PQ — PM=^ s^jQpa : s^jQp^ =5 p : o-, neglecting higher powers. 

For the projection of the tangent at Q on normal plane at P, 

(1; - s'/2p) sV2po- - (t- s'/Cpo") «/p = 0, 
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the shortest distance of the tangents is equal to the perpendicular 
from the origin on this line ==^QN» 

(7) Let p be the radius of curvature, a>j x" the first and second 
differential coefficients of x with respect to L 

(8) With the notation of Art. 634, p- = aj'"+y'»4-«"*, /. where 
p is a maximum or minimum ^'V"+..*=0, also «V + ...= 0; the 
direction-cosines of the tangent to the locus of the centre of curva- 
ture are, by Art. 637, proportionalto x' + p'x"\ y' + pV "> ^' "** P'^' "> 
and those of the principal normal to x\ y"^ e". 

(9) Take the axes as in Art. 651. 2p = «7y ultimately, 
i. Turn the asces of y and z through an angle a, so that 

y' = y cosa + « sin a, and ix^ly'^a^jy cosa = 2p seca ult» 
ii. Turn the axes of e and x through an angle a, so that 
x' =^x(iosa + B sin a^ and z'^jy = «* coa"a/y = 2p cos'a ult* 

XLV. 

■ 

(1) The planes in which the curves lie are «=0, j?=y, aj+y+«=5a. 
The only points of the curve in « » are the points at infinity 

in the lines xty^O. 

The equations of the normal planes at (a;, y, «) to the curves 
ia x=y SLud x+y + z=ia axe 

(f + iy-2«)(aj-a)(2« + a?)-(f-«)(2a: + «-a)«aO, 
and 
i2z+x)(ff+z) f - (2zA-y) (x+z) V + («~y) «?= (^-y) (32'+y«+««+a?y). 

(2) A principal normal is in the plane of two consecutive 
elements, it therefore two such normals intersect, three consecutive 
elements lie in a plane,, and therefore the whole curve. 

Let Ix + my + nz^p be the plane in which the curve lies, 
.-. -Za sin^+wa cos^+n/'(^)=.0, /. la sin^-7wacos^+w/"'(^)=0; 
.-. /'" (0) +/' (0) = 0, and f(0) = A + BHin(0 + a). 

(3) If a be the angle at which the helix cuts the generating 
lines of the cylinder, a; = acos^, y^asin^, and <f>^0 give the 
position of the generating point before unwrapping; ad<l>=^ds sin a^ 
and dz^dscosa^ .'. z = 8 cos a^ and the point is in the plane of xy 
and in the tangent to the circular base, at a distance from the 
point of contact = a^, the arc of the circle from which it may ba 
supposed to have been unwrapped. 
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(4) UfliDg the notation of (3), by Art. §36, p'^^ar^ sin'a, and by 
Art. 637 the coordinates of the centre of curvature are — acot'acos^, 
- a cot'a sin 0, and a^cota; giving a heli^ on a cylipder, radius 
acot'a, which will be the same pylipder as foip the giyen helix 
ifa = iTr, 

(6) With the equations of Art. 597, that of the normal plane is 

— :?: sin ^ + y cosfl + 712 = rfad ; (1) 

at the edge of the polar developable, which is the intersection 
of three consecutive normal planes, 

— 4:cos^ — y sin^ = n*(i, (2) and arsin^ — y cOs^ = 0; 

/. zs=^na0j x = rcos^, y=«rsin^, r^TU^a. 

For tl^e eqi^ation of the polar developable, eliminate from (1) 
and (2). 

(6) By XLIV. (6) the equation of the projection of the shortest 
distance is 17 + {;s/2cr = 0, hence the angle made with the bi|iormal 
is 8 1 2a J which is half the angle of torsion. 

(7) Using the figure for Art. 603, if the element J5J^ of the 
polar surface turn aboi;t Pb, until it is in the plane of Aab^ 
r and q will coincide. 

-5j = r, f^2=i?, >s/(f'-p^)^BU, cVBU^dafa^ BUuVBU^dp. 

(8) By Art. 658, the differential equation of the line of greatest 
slope is ct/dx'-^x'+y^ + caydy^Oj and, if a; = f cqs^, ^ssrsin^, 
ce/& + (?yT=0, .•. y + (J tan"* (y/ar)» constant, 

XLVL 

(1) Let PQy QBj&g. 2, be two elements of the curve in two 

5 lane facets PQJ/y MQL of the torse, from B draw Br perpen- 
icular to the plane BQLy Qr is the second element of the curve 
on the developed torse. Draw BM perpendicular to PQ produced ; 
PQ is perpendicular to Br and BAf^ and therefore to ri/; the 
radii of curvature of the curve on the torse and the plane curve are 
as LrQM\ iBQM^rMi BM=^ cos BMr, tBMr being the angle 
between the planes PQB and PQL. 

(2) For the curve 2» «= V(a:* + y*) = r, /. for the tangent 
arf -f yi; — 2r5'= r* — 2r2 = 0, and aa?f + Jyi;- 25'=2i5; 

for the trace on xy , a:f + y^ = 0, (a — J) arf = r ; 

(3) X = r COS0, y = r sin 0, r = a sin dy z^a cos ^, add^ d$ cos/S, 
rd<l> = ds sin/8, and writing x' for dxjds^ &c., 

a;y'-ya:'=srV = **sin)8, .-. xy" — yx" = r'sii^^; 
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.-. x'" + y"* = (r" - r(l>y + r"r^ sm*/3, 
^nd writing a for r, for 0, «"' + r" = (affy; 

... a:'" + /• + z'" = r- sin*/3 - 2r"r-' sin'/8 + a^' cob*/3 + r'V" sin*/?, 
r' = cos/8costf; /, r"s= — a'^cos'/Ssin^, and r '/»•== ^ «"^ cos'/S ; 
/. p^ = a"* (sin^/S cosec'^ + 2 sin'/S cos"y9 + cot'^ sin'/? cos'/S + co8*/3) 
= a" (1 + 8in"/3 cot'^). 

/3 s: Q the cnrye is a meridian, p » a ; 
/3 s ^9r the curve ia a parallel, p = a sin 0, 

(4) Let a be the common pitch of the helices ; any heli^ having 
a pitch ^TT — a catting the generating lines in the opposite direction, 
will cut all the former helices orthogqnallj. 

(5) Let (\ fij v) be the direction of the normal to the plane 
containing the perpendicular and the central radius at (^, y^ ss)i 

/. \x-\'fiy-^vz = and Xcuc-^ fiby + ycz=^Oy 

also \dx + ^dy + ydz^Oj 

shew that \: fi : v — (b^o)jx i (c — a)/y : (a — 5)/« ; 

/. (A - c) dxjx •¥ (C''a)dyly + (a^b) dzjz = 0. 

(6) As in XLIV. (6), the shortest distance is (Ss)"/12/)<r, and 
by Art. 643 or 656, a = p cos'a =s o- sina cos a. 

(7) With the axes qsed in Art. 651 the equation of the plane 
Is f cosd + 1; cos/S + f CO87 = 0, at the projection of P, («, y, «), 
(f-x)/cosa=(i;-y)/cos)8=(f-«)/cos7=— a? cosa— y cos/S— « COS7; 

.'., neglecting a", f = s sin*a — cos a cos/S «*/2p, 

97 = — « cosa cos^ -f sin'^ **/2p, 
f =n— « cosa C0S7 — co8)8 C0S7 «'/2p* 
The directionrcosines of the tangent at to the projection are 
Z = sina, w = — cota cosyS, n = — cota COS7 ; 
tiff -ntf = — cosa COS7 «*/2p sin a, 
Zf — nf = — cosfi C0S7 «'/2p sina, 
wif -^ Iff =1^ cos*7 5''/2p sina ; 
/. the perpendicular from P on the tangent = cosy5'/2p sino(, 

OP« = P + i?'+f« = «'sin'a; 
/. the radius of curvature of the projection at = p sin"a/cos7. 

(8) By Art. 610, the angle of torsion of the , curve is equal to 
the angle of contingence of the locus of the centre of spherical 
purvature, /. dsfp^^dsfa^ also dsjp^ds'la^. 
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(9) The locus of the extremities of radii of a sphere drawn 
parallel to the tangents to the curve is a small circle, hence the 
tangents are inclined at a constant angle to the radius drawn to the 
pole of the small circle. 

(10) In the figure, p. 251, a circle goes round BVUq; 
.\ iVBq ^ L UVq. 

XLVII, 

(1) Take P, Q, B, 8 any four consecutive points, the fixed 
point; P, Qy B, and C, J?, /», lie in the plane QBQ, which 
must therefore cpntain everj point. 

Prove that 

xdxl(2f'-e)^ydyl(z'^x')^zdzl(a?^y')^p, (1) 
and that 

but (y-«7 = K-a?*-2y«» = »»(2a»-3a:'), 

since 2(y«' + »V + a:y) = a*-ia* = Ja*; 

.-. (x day +. . . = p' (2a* - fa*) = ia*p', 

and (dxy + . . . = p' (6a' - 3a') = 3a V, 

and by (1) and (2) x^yz (dzd'y - dy dJ'z) = p' {f aV- 8aV} j 

.". xyz {x (dzd^y — dyd^z) +w. .) = 0, 

hence the osculating plane passes through the origin. 

Note, That the intersection consists of plane curves appears by 
the solution of the equations, for, eliminating z^ we obtain^ 
x'+y* — ia' = ±;ry; .•. a;" + y' — «* = ±2apy, and xTyT« = 0. 

(2) Let VA^ B c, be the perpendicular on the line AP from the 
point where the vertex comes, tAVP^ 0^ and let 2a be the angle- 
of the cone; take Vz for the axis of the cone VA in the plane zx^ 
6 coseca is the angle between the projections on xy of VA and VP^ 

FP= sec^, « = c tan^, x^c sec^ sina cos (0 coseca), 

y =* c seed sina sin {0 coseca), ;? = c seed cosa. 

Prove that cPxjds' = — (c sin a)"^ cos'a cos'd cos (0 coseca), 

cPyJds* = — (c sina)"^ cos'a cos'd sin (0 coseca), 

cPz I da' = c'* cos a cos'd, 

and thence that p = c tan a sec'd oc VP^. 

(3) For the osculating plane at (a cos d, a sin d, f) 
(x-a cos 0) (cos dC" + sin 0O 

+ (y - a sin 0) (- cos df '+ sin df ") + (z^^)a^O, 

writing 5', ^' for rff/rfd and d^^jdO'; and for the normal section 
a; sin d s y cos d ; hence, if \, /l6, cos 7 be the direction-cosines of the 
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line in question, X/cos^ = /i/sin ^ = — a cos7/5"' ; 

/. ?"=racot7 and f =ia cot7^ + u45 + B. 
For the developed curve U X^aO^ a^== ^ cot7X' + AX+ aB. 

(i) In fig., p. 251, VU=ds"^ AB=^ds' ultimately, and if p, B 
be the radii of curvature, ' 

dp^VUsmUVq, dB^AB Bin UBq, dp^dB, 

and L UVq = L UBq, :. ds'' = ds'. 

(5) Let Oz be the axis of the cylinder, and let the centre of 
the circle be in Ox^ s = a0, a; = 6 cos ^, y = 6 sin ^, » = a cos^, 
a sin^sa J^; prove that, by Art. 636, 

pT^ B It* cos*^ + a"* sin'^ + a"* cos*^. 

(6) Let Zf +«i»y+7if=0 be the equation of a horizontal plane; 
the direction-cosines of its intersection with the tangent plane at 
(a;, y, z) are as nyjV — mzjc^j &c., 

.-. dx (nyjV — mzjif) + dy (fo/c* — nxja^) + dz (rnxja^ — Zy /S") = 0, 

and xdxla*-\'ydylV'^zdzlc^^O; 

hence, if u=^lxla*+..., dxl(llp^''Uxla^)t:'...='p^dsl*J(l-'pW); 

cost{r = ^a;/a'+...sp>pw, hence, if d-^jdx be a partial differential 
coefficient of '^, 

— Bm'^d'^ldx ^Ipla' — uxp^ja* = \/(l -i^'w*) <?a;/t& xpja*. 

(7) The equation of the normal plane is 

2a (f cos ^ - 17 sin ^) + cf = i (16a' + 3c*) cos2e + ^c\ 
From the two consecutive normal planes. If 16a' + 3c* = 6', 

2a (f sin ^ + 17 cos ^) = 6' sin2^, 
2a (^ cos ^ - ^ sin 0) = 26' cos 25, 
/. cf =x |c* - I J' COS25 = 6 (4a' + c') - 36' cos'5, 

a^^b'coB^e, av^b'mn% .'. ?^4 i7* = (6'/a)l 

The curve is the intersection of t^i^o cylinders, one on a base 
with four cusps in the plane xy^ the other on a semi-cubical 
parabola in the plane zj;. 

The two curves are similar if 6'/4a' = 6'/c', or c=2a. 


XLVIIL 

(1) Let the normal at P to the generating parabola meet the 
directrix in L, and draw FN perpendicular to the directrix ; the 
radius of curvature of the parabola =2 /SP.PL/PiV= 2P7/ = twice 
the radius of curvature of the perpendicular normal section. 
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(2) ' R-' = p-' coa'a + p'"' sin'a and 5"' = p'* sin'a + p'"* cos'o, 

.-. E^ cos*a — 5'"* sin'a = p"* cos 2a. 

(3) Where x=y^i&^ each ^zajs/^^h suppose, let aj = J + f, 
y = 6 + iy, « = 6 + f. Shew that ultimately J (f - 17 - 2 f) = 3f ' + 2?i7, 
the perpendicular on the tangent plane *= (3j''4-2ji7)/6\/6 and 
f* + ^'4-?* = 2i7* + 4i?5'+5f', /. the aiameter of curvature of the 
normal section through (f , 17, f ) 

= 2p = J V6 (2^' + 4i7?+ 50/(3?' + 2?i7), 

when p is a maximum or minimum the roots of 

2aV3V-4(p-aV3)i;{:-(6p-5aV3)C' = 

are equal, .-. 4 (p - a V3)* + (6p - 5a \/3) 2a V3 = 0, 

or 2p' + 2pa \/3 - 9a' = 0. 

(4) Let R be the radius of curvature of the normal section 
through the given tangent, then, by Meunier's theorem, 

jBcos-^sp', <p, /. cos-^/p'sscos'^/p + sin'^/p'. 

(5) Shew that 

p-^ + p'-* = p-MP'(M + v + 2^;)-.(Cr«tt+...+ 2FPFtt' +...)} 

and ^ p = J - -piUu^ Fm?'+ PFt;'), &c. 

(6) Taking the axes as in Art- 678, the projection of the 
indicatrix is given by 2z = r$? + 2sxy + ty*^ where r = — ^ 

(7) Shew that log(— ;?) = (m - 1) (log^ — log a), , 

.-. - r /^ = (w - 1) (a;"* - pz'^\ «/jp = (w - 1) j^"^. 
At an umbilic ajpq = r/(l + jt?*), .'. - «"* (1 4-^") =/?(«'* -1^0> 
.'. p=^-xjz^ similarly 2' = -y/;5, /. aj = y = « = a/3*'** = J. 
Near the umbilic, let j? = & +f , y — f>-\-r)j z = c-^^y 

.p^limit^^^'-^-^^^^'^i^. 

(8) By Art. 718 Con, pp' = (1 + o^'/a' + y'/by ah. 

(9) If (Z, 7W, w) be the direction of a normal, prove that 
w*c=P + m', or cos*^ = sin'^; the integral curvatures are as the 
surfaces of a unit sphere cut oiff by a plane distant 1 /V2 from the 
centre. 

(10) This follows from Art. 296, since, for one of the confocal 
hyperboloids through the point of contact of any of the planes 
mentioned in the problem, U is constant. 


PBOBLBMS XLIX. 73 

XLIX. 

{!) The general condition is Z7' (!; + «>)+...- 2VWu'-...^0. 
Shew that this reduces to 

and that T" + PT* = 2x' + a\y + z)\ VW^ - x\ 

X U( F- W) = -2ayz {2aj* - a (y - «)}, 

/. (y - «) {2aj^ + o' (^ - «)'} + oa:* + 8ay^?x* = ; 

multiply by y — «, /. 2y*a' + (y — «)* - y««* — %V = 0» 

(2) Let a, /8 be the semi-axes of the central section parallel to 
the tangent plane at any point of the curve, and B the radius of 
the sphere, then afip = abc^ a* + )8' + J!' = a' + J' + c', hence, by 
Art. 720, pp'^a'13'lp'ac p^, p-^ p^(a' + ff)lp^ p. 

(3) With the axes of Art. eiS^ 2z^a?lp + flp^. Let the 
generators be inclined at an angle a to Oxy and let JS, J3', p, />' be 
the radii of curvature, then, ultimately, 2-B2 = («sina-y cosa)' 
is the equation of the enveloping cylinder, and 

x*lp + y*lp' = (a; sina — y cosa)'/5 

mtlst give equal values of a; : y ; 

/. J?/pp =sin*a/p 4- C08*a/p, 

and jB'"^ = cos'a/p + 6in*a/p' = J2/p/)'. 

(4) At an umbilic, prove as in XLVIIL (7) thait p^z^af/ey 
q^ — ylzy and thence that QAja^^^y^flA ^zljck = {a-\-b'\r cf^\ 
shew also, by comparing the tangent planes to the surface and 
sphere, that at their point of contact ai j oiR = yi I b^B = g^ j clB, 

The point of contact is an umbilic if B"^ = a -f- fr-f c. 

(5) As in (2) pp' = a'13'lp' = a'JV//. 

(6) The integral curvature is the whole surface of the unit 
sphere less the two portions included between the two sheets of the 
cone reciprocal to the asymptotic cone = 47ra/ V(a' + c'). 

(7) This is to find the envelope of a plane x^ja+yijlb-]- «f/c=0, 
subject to the conditions x* ja + y^jb + ^lc^^ly 

and a?7(a + k) +y'l(b + A) + z'l(c + i) = 1, 

itis equation is (a + A;) |7« + (* + *) ^*/^ + (^ + *)?*/ ^5 = ^) which 
gives a surface meeting the ellipsoid in a sphere. 

(8) Let the line of curvature be the intersection of 

«'/a+...= l and «*/(a — A:)i-...= 1, 
so that y' (J - a)/ J (6 - A) + z' (c - a)lc (c-k)^ 1, 

L 
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and let a be the inclination of a circular section to the plane of xy ; 
take »y, f the coordinates in the cyclic plane of the projection, 
y = i7 and « = fsina, and 6(a — c)sin*a = c(a — J); shew that 
^f(k—c)-ti^l(b-k)=bl(a-b), a conic the square of half the distance 
of whose foci ^hil-c^Ka—h)'^ for the urabilics (a—c)z*=^c(b-'C) 
and for their project iofi f * = z^ cosec*a = b(b'-c)l(a-' 6). 

(9) At every point ^=rco8^, y = r sin^, 2? = a0, shew that 
J? = — a sin ^/r, j = a cos ^/r ; then the equations of the normal are 

r(f-rcos»)-asin^(^-a^)=0, r(i7-rsine) + acos5(?-ae)=0; (1) 

.-. f cos ^ + 17 sin ^ = r, r (f sin ^ — 17 cos ^) = a (^— a6). (2) 

For the lines of curvature consecutive normals intersect, 

.\ -f sin^ + i7C0S^ = (fr/c?^, (3) 

r (f cos ^ + 17 sin 0) + (f sin ^ - 17 cos 6)drld6-- c^y 

.\ {drjddy = r* + a', and so rja = sinh {6 + 7). 

• By (1) p« = {a^JT^ + 1) (?- a^)* = (a« + r*)' /a', by <2) and (3), 
whence, if r be constant, p* will be constant. 

(10) Let the equations of the helix be 

j: = a cos 0, y = a sin ^, « = a^ tan a, 

and let the tangept at a point P meet the cylinder, radius J, in 
the point Qj where x^h cos 4>^y=ih sin <^, 

/. (Jcos0 — acos^)/— sin^ = (J sin<^-a sin&)/co8 5 = i5cota— ad^ 

hence Jco8(0- 6') = a = 6cosy8, ^=& + )8, a cota — a5 = 6 sin/8. 

For the osculating plan^, which is a tangent .plane to the 
surface, asin^-y co8^+« cota— a^«=0 (1); and, for the equation 
of the surface, eliminate 6 from (1) and the equation 

^cos^ + y 8in^ = a (2). 

Take (x +84?,^ + Sy, z + S2;), corresponding to ^ 4- 8^, a point 
in the direction perpendicular to the generating line, so that 
— Sa: sin ^ + Sy cos ^ + S« tana = 0, (3) then 2p the principal finite 
radius of curvature is the limit of 

{(8a;)' + (hyY + (8«)*} / (ix sin ^ - 8y cos 5 + hz cot a) sin a. 
By (1) and (2), or by the equation of the tangent to the helix at P, 
^ = — (^j cota — aff) sin ^ + a cos ^, 
y=L (z cot a — ad) cos^ + a sin 6^ 
shew that Sa: = w cos^H- vsin^, 8y = w sin ^ — v cos ^, where 
u^-{zco\a'-ae)he-^\a(ie)\ v =- hz Qoi a '\-\{z cota -aff) (iOy]^ 
:. by (3) hz tan a = ^ (« cot a — aff) (hOy — hz cota, 
/. at Q (hxy-^{hyy^{hzy=^V^m^P(hffy ultimately, 
and hx sin ^ - Sy cos ^ + hz cot a = ^6 sin^ (8^)*, 

/. p.= atan/3coseca. 
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(1) The squares of the semi^axes of the central sectiop parallel 
to the tangent plane at (a, ^8, 7) are given by aV/(l-ar')+...=0^ 
Art. 237, and at the centres of curvature which are in the normal, 

(a;-a)/aa = (y-^)/J/3 = (i5-7)/c7 = -r", Art. 721, 

.-. aj = a(l-ar'), 2^ = i8 (1 - Jr*), « = 7(1 -cr"), 

and (a?-a)«a/^ + (y-^yi8/y + («-7)'7/« = 0. 

(2) Transfer the origin to (», y, «), and writing f + a?, r)+y 
for Xj y and p^ + qv + (ri^ + 2s^n + ^V*)"*'^^ for 2?, the resulting 
equation must be identically true neglecting powers of f , rj higher 
than the second ; equating the coeflScients of |', ^17, if to zero, each 
term of the given result is — b'x — a'y — cz- c". 

(3) 4 (1 +/ + 2*) (rt - 5') = {(1 + 2') »• - 2p25 + (1 +/) «}S 
let r = a (1 +^*)) ^ = ^8 (1 + g'), s = Tpg' ; prove that 

thence that (l+p' + g')(a-^y + pY(a+fi'-2yy = 0, :. a = /3 = 7. 

(4) Prove that the expression for pp in Art. 718, Cor. 

= iic (1 + 4//y + 4^^ Icy = i&ca;*/;?*. 

(5) Shew that the angle between the tangent and the axis 
of « = ^, that dsjclO the radius of curvature = a cot 0, and that the - 
normal cut off by ftc = y sec5 = a tan^. Hence, the specific 
curvature is a'*. 

(6) The integral curvature is the portion of the surface of the 
unit sphere included between two parallel planes, whose distances 
from the centre are cos a and cos^S. 

(7) Along the curve of contact the normals are perpendicular 
to the talngent planes of the cone, hence the horograph is formed 
by the reciprocal cone whose vertical angle is ^ — 2a. 

(8) Let PQR be consecutive points of a line of curvature, 
Pp, Qq^ Br lines of curvature lying in parallel planes ; normals at 
F and Q intersect in O, at Q and B in (7, the plane POQ is 
perpendicular to the tangent at F to Fp^ and therefore to the plane 
of JPpy QQB is perpendicular to the plane of Qq^ hence POQ and 
QO'B lie in the same plane, which proves the theorem. 

(9) For the paraboloid pz'^ = aj'*, qz'^ = — y"*, and writing y , j' 
for^, q in the last two surfaces, viz. r ± r' = constant (1), 

ic^"* ± (^ + p'^) ^''^ a^d yr'^ ± j «r'~* = 0, whence pp' + qq' + l = 0,, 
and if p\iP\ be the two values oip\ y,i>', + J,2'a+ ^ = ^- 
By (1) the second theorem is true. 
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(10) Let the given line (x — OL)jl — {y-ff)lm—(z'-r^)jn = T 
intersect the conicoid x^la'{Ty'lb-\-^*]c = 1 (1), where r =rj and r, ; 
if the normals at these points intersect, they aqd the given line will 
lie in one plane 4(«-a)/^ + ^(y-i8)/wi+ (7(i5-7)/n = 0, 

.% -4(a + Zrj)/aZ+...= and -4(a + Zr,)/a? = 0, 

henpe a4/«?+i85/ftw + 7(7/cn = 0, 

Ala -f Bjh + Gfc =0, 

and 4 + ^ +0 =0, 
.-. (b-c)all + (c^a)0lm + (a-b)yln^Q (2), 

and this condition is the same for all the confocals. 

Jjet a chord PM of a confocal to the conicoid (I) touch it in Q. 
If the normals at P and B intersect, those at the two points which 
ultimately coincide in Q will also intersect, that is, PQ will be a 
tangent to a line of curvature on (1). The two conditions to be 
satisfied are (2) and (a'/a -)-.,.— 1) (P/a +...) = (laja -)-...)*, giving 
four directions for PQ. 

LI, 

(1) The consecutive point to P, (j?, 0, »), must be on the 
nonQal section perpendicular to the given principal section, the 
radius of curvature of that normal section is b''lp, Art. 720, and 
the centre of curvature (|, 0, f ) is in the normal at P, 

/. (f-^)aVx = (?-?) cV^ = - 6', 

bence, since «^/a" + «'/c' = l, the locus required is 

a«f«/(a«-J7 + c'?V(J'-c7 = l. (I) 

At an umbilic the two centres of principal curvature coincide ia 
a point on the evolute of the principal section. Shew that the 
equation of the normal at an umbilic is 

of /V(a'- 6')-c?/V(J'-c') = V(a*-<0, 
and hence that the normal touches the ellipse (1) as well as th^ 
evolute. 

(2) By Art. 710(3), since tt = v = 1^ = 0, 

VWu'+ WUv'+ UWw'^0, 
shew that u'xyz = or* (y + «), Ux^ ayz^ &c., 
/. VWi WU: VV^x^ : ^ : z^. 

(3) Let PQ be the normal at P to the generating curve, ^ ita 
inclination to the a:^is, then p.PQ = a', 

/. y coaec^ = a*d'^ I ds and ye?y = a'sin^cos^d^, 

.-. y* = a' sin*^ + 6* and yp = a* sin^, where b is constant. 

If ^ = when y = 0, then 5 = 0, .-. /) = a'sin^/y = a. . 
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(4) Let consecutive generators cut Ox in P and P'^ OP—x^ 
OP' = x-\'dxy and let P' ^ = r be the distance of a point Q near P' 
on the generator P'Qy the coordinates of Q are 

f = aj V 8a: + r cos(^ + Sd)^ rj^r sin (d + Sd) C09(ylr + Si^), 

C= r sin (« + 80) sin ( Vr + 8^). 

The equation of the tangent plane at P, containing P' and the 
generator through P, is {^cos^ — iy sin^ = 0, the perpendicular on 
it from (2 = r sin (5 + Stf) S^, and PQ' = (Sa+r cos «)' + r' sin"^ ult., 

/. 2p = Hmit of {(8a:)' + 2r8x cos 5 + r'} /r Si^ sin ^, 

.-, {dxjd^y + 2 (cos 0dxldy^-p sin ^) r / Si/r + (r /8^)' = 0, 

which has equal roots, when /> is a maximum or minimum, 

.% (cos 0^ 1) dxfdy^ = p sin 5. 

(5) Let P, (r, ^, «), be a point in the generator JKP, (r + 8r, 
6 + S0^ z-¥ Sz) a consecutive point Q ; for the tangent plane, which 
is BPQ ultimately, ^—z = fjdzlrd0=^r)r'^/' (0)^ where fj is 
measured perpendicular to P£z ; the perpendicular from Q on the 
tangent plane for which 17 = (r + 8r) 86/, neglecting terms of the 
third order, and writing u' for r' + {/' (0)}% is 

{^8^ -/' (0) (r + 8r) 8^} u'^ = {^rf" (0) (80)' -/' ($) SrS0] vT, 

:. u-V = limit of {i8ry + u\80y}l{rf"(0)(S0y^2f\0)SrS0}, 
hence (drld0y + 2/'(0) pu" dr]d0 + u» -/" (0) rpu' = 
gives equal values of drld0^ when p is a maximum or minimum^ 

(6) By Art. 718, Cor., pp' = (1 + p« + j7/(r« - «»), 

y«"* + 05"* = 0, rz'^ == p*;?"* + a?"* = 2aj"', sz'^ = ^2«'* =« *'^y"*, 

(r«-«>-=3^-'2(-', (l+/+2")2"' = ^-* + y* + «-'. 
The equation of a tangent plane at (x^ y, z) is 

Sl^ + vly + ^h^^j 

therefore, if tr be the perpendicular from the origin, 

Otsr"' = a:"* + y"* 4- «"*, and p/>' = Jicy«'.81^"^x or"*. 
At an umbiliC) by Art. 719, a: = y = « = (a6c)i, 

.-. Sty'* = a:"", pp = 3a?' = 3 (aJc)f . 

(7) The normals at points in the curve of contact of a circum- 
scribing cylinder are perpendicular to the direction of the axis, 
hence the horograph for each portion is a great circle. 

Hence, the horograph for each of the eight portions of the 
ellipsoid cut oflF by the curves of contact is a spherical triangle. 
Let ABC be one of these triangles, P, Q, R the poles of BG^ CAy 
AB on the hemispbere containing the opposite angles, and let the 
angles QOM^ BOP^ POQ be a, /8, 7: the angles of the triangle 
ABC will be w - a, w - iS, ir - 7 ; thei integral curvature of the 
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corresponding portion of the ellipsoid will be 2ir — a — /8 — 7 ; the 
remaining portions of the lunes will be /8 + 7 — a, 7 + a — ^, and 
a+yS -7 ; their sum being 27r, which is the area of the hemisphere. 

(8) If («, y, z) be an umbilic, the radii of curvature of all 
normal sections through it will be equal. 

The equation of the tangent plane at (xy y^ z) is 

aa;' (f - a;) + V (^ -y) + c«* (f - «) =0, 
and the perpendicular upon it from an adjacent point, whose coordi-* 
nates are x-\-\8^ y + f^j « + v5, is (aa;*\+...)s/V(<3t*i»* +...)> 
but a(x'\-s\y + b(y + 8fiy + c(Z'{-svy=^k'] 

:. (aaj*X+...)5 + (aa:X.'+...)s*+...= 0, 
hence the radius of curvature of the corresponding normal section 

= ^ limit 5*^ \/(«*^* +•••)/ (^^^' + •••) **r 
which is independent of the direction (\, fiy v) if oa: = Jy = c« =» <r^ 
where o-' (a"' + &"* -f- c"^) = k^j giving the umbilic. 

For the norma] at the umbilic (f — <ra"*)/<7'a'* =...=... ; 

/. a^ = 6?; = cf = 0*', 

and this must intersect the normal at a consecutive point, whose 
coordinates are craT^-^-sXy <r6"^H-«/Lt, ac'^ + svy 

(a — a) cT^ — s\ (a — a) b"^ -^ Sfj, {a — a) c"* — sv 

"a (jja^ + sxy b (o-J'' + 5/a)' c (<rc"^ + svy ' 

bfi — aX _ cv — dK 

whence aX = J/i, or a\ = cv, or s (aX+bfi) = s (a\+ cv), i.e. bfi=^cvj. 
which give the three directions required. 

(9) The polar of (/, 0, 0) with respect to one of the confocals 
aj*/(a + A)+...= l, isfx^a + k^ hence the locus of the points of 
contact has the equation 

W/+y7(/»-«+*) + «V(/»-«+c) = i; (1) 

corresponding to the point (0, g^ 0), the Equation is 

a5V(^y-^ + «)+W^ + W(^y-J + c) = l; (2) 
subtracting, we have the two factors 

i. ^y-6-/!r + a = 0, 
ii. (fa''a + b)a!lf+(gy''b + a)ylg + z^=^0. > 

Case i. xlf-\'ylg-\'Z^l(Jx'-a-{-c)^\^ 
or x^-\-y^ + z'-(a''C)a!lf-(b-c)ylg=^fx''a + c or gy^b + e, 
which gives a circular section. 

Case ii. »' + y' + i5j'-(a- J)(aj//-y/^) = 0, 
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and, by eliminating ^ from (1) and (2), 

(c-a){^-(a-6)//}4(c-J){y'+(a-J)/^} + (>-a+J)(^y~ 

.whence the remainder of the intersection is a sphero-conic. 

To prove that the surfaces (1) and (2) cut orthogonally at the 
circular sections, shew that,,writing/2?— a=<r=5'y — 6, the direction- 
cosines of the normals at {x^ y^ z) are as 

f-^^g^^z*l(a + cyt2lfg : 2^/(c7 + c)/, 

and 2lfgig-'-f-'^z'l(tr + cy:2zl(a-^c)g. 

Note. The book makes the theorem too general. 

(10) At the line of separation the product of the principal radii 
of curvature changes sign, /. r^— s'=0, and one of the radii becomes 
infinite, Art. 718. Take the origin at any point of the line, Oz the 
normal, xOz^ yOz planes of the principal normal sections, the 
equation of the surface i^ear the origin is , 

2z==cuc^ + bx^ + Bcx^y + ^dxy* + ey', 

since the coefficient of y* vanishes; shew that r^ — «'=3a(d!r+ey)^- 
term8 of higher order, hence dx + ey = gives the tangent to the 
boundary ; the tangents to the lines of curvature are Ox and Oy^ 
therefore they are not generally tangents to the boundary. 
The inflexional tangents are x* = 0, and therefore coincide. 

LII. 

(1) Let the equation of the surface be si=/(p), where p'c=a:'+y', 
the condition gives (1 + g'*) r — 2pqs + (1 -f «*) ^ = 0, deduce from 
this that f(p) + pf" (p) + {/' (p)}' = 0, 

and d{f'(p)ridp^2p-^[l^{f(pyn, 

whence /' (p) = c/ VCp" — (0^ where c is constant ; 

.-. i5 + a = clog{p/c + V(pVc'^0} and 2p/c = e<*''J^^ + 6-t^>^ 

Geometrically J the catenary is the only curve for which the 

normal is equal to the radius of curvature in the opposite direction. 

(2) Fig. 3. Let PQ, QR be small elements of the plane curve, 
P, Q being points on consecutive generating lines of the torse, Q8 
the generator through Q] produce PQ to T and draw MRT 
parallel to Q8^ QM perpendicular to -BT; turn QMRT about P8 
to the position QM'ET in the facet of the torse consecutive to 
PQ8. lRQT and iR'Q T^tq ultimately the angles of cbntingence 
of the plane and bent curves, draw Rt perpendicular to QTand join 
^, t, therefore Rtf QR = QRjp, and R'tj QE = QR'lp\ 

also MM'IQM = RR'jQR sin d=-QR sin 6^/^, 

and since R'e = Re + RR'% and QB = QR ultimately, 

p'-' = p- + sin*eir^ 

(3) Let consecutive generating circles cut Ox in P and Q, 
OP=Xj OQ = x-\-pSdi the tangent plane at P contains Ox and 
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the tangent to the circle (P), hence its equation ib t cos^+y sin5s=0 ; 
take a point R in the circle {Q) near Q^ in 6g. 4, let Qy\ Qz' be 
parallel to Oy, Oz, and let lQCB between the radii Utt^ CQ be ^, 
if y\ z* be coordinates of R^ 

y = CQ Bin(^ + 8^) - CR 8in(« + Sd + <^), 

«' = GQ co8(e 4- S5) - CR cos(e + Se + </>), 

the perpendicular from R on the tangent plane at jP 

= (r + 8r) {cosStf - cos(8e 4- 0)} = ir (2<^S5 + </)*) ultimately, 

and Pfi' = (;?8^)" + (7-0)'; 

.". p the radius of curvature of the normal section through PB 

= limit of {{^piey + {r^y\ \r (2(I>S0 + ^*) } 

when /> is a maximum or minimum, 

(pSey - 2pr</)S^ + (r* - rp) <^* = 

gives equal values of 80/0, /. p* (r — p) = pV. 

(4) Let P, C fig. 6, be adjacent points on the circle corre- 
sponding to '^ and ylr + Sy^j pP^ qQ the corresponding generators, 
on qQ take a point R near Q^ and let QR=:s*j let the axes of 
X and y be OP and Oi) perpendicular to OP. 

The equation of the tangent plane at P, containing pP and tfie 
tangent to the circle at P, is (x — a) cos0 - s? sin = 0. 

At iZ, X = {a + 5 sin (0 + S6)} cos 8i^, ^ = « cos (6^ + 80), hence 
the perpendicular from R on the tangent plane at P is 

a (1 — cos 8^) cos - 5 sin 80, neglecting 8 (8^)", 

also PiB' = (a8>|r)*+5'; 

/. p, the radius of curvature of the normal section through PS, 

= limit of {(aSylry + fi*}/ {a cos (Sy{ry - 2^80}^ 

for the principal curvatures, 

«' + 2ps8>|r d0Jdylr + (a" - ap cos 0) (Sylry = 

gives equal values of s/8^, /. p*{d0ld'^y — a*-^ap cos0. 

(5) Let Pz be the common normal at P, and let Par, Py bisect 
the angles between the normal sections of curvature a + 6 and 
a + J' ; shew that the equations of the two surfaces are 

2z = (x cos J ft)+y sin ifi))'( a + h)-^(x sinjo)— y cos ifi))'( a — 6)+. • • 

and 23J = (a;cosJa)-y sini(»y(a'+i')+(^sinia)+y cosia))'(a'— 6')+... . 

At the curve of intersection -4a:' + 2P.«y + (>y*+...= 0, where 
^ - C= 2 (J - 6') cosft), ^ + C= 2 (a - a'), 2P= 2 (& + J') sin© ; 

if tan^j, tan 02 be the values of yjx given by Ax^-^2Bxy-\' Cy^^Oj 

prove that (A + C)* sec' (0, - J = (^ - )* -f 4P', 

/. (a - a')' sec'0 = (6 - by cos'© + (6 + i')' sin'w. 
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(6) Tdke the same axes as in (4), and let /S be a point in qQ 
near y, q8=:Sj FOp is the tangent plane at p^ and the perpen- 
dicular on it from S= a sin (0 + Sff) sittSi|r, 

^/S" =pq* + 2pq.s cos (6 + SO) + s% 

where pq = a cosec'^ Bff ultimately. 

Shew as in (4) that the principal radii of curvature are given by 

(p sin dy}r jdO-a cosec'5 cos 0y = a'** cosec*^, 

and <?^/cZ5 = cosec&, /. PiP^ = — (i^ cosec'^, the same as at P. 

(7) Take the point P In the plane of zx^ and let the two 
generators cut the principal circular section in Q, Q subtending 
an angle 2a at the centre. The direction-cosines of PQ are as 
sina : — cosa : 1, and if (\, /i, v) be the direction of the normal 
at any point of PQ, \ slna — /ACOsa+ v = 0, hence the part of the 
horograph corresponding to PQ is on a great, circle, inclined to 

E lanes ary and ;5aj at angles J tt and &, where cos5 = cosa/V2, the 
orograph of the portion included between PQ and the planes zx^ xy 
is a spherical triangle whose spherical excess E is ^tt + ^ttH- ^ — tt, 
.-. sin2£= — cos2^ = sin*a, but A = atana, therefore the integral 
curvature required, the surface being anticlastic, 

= -2J5;=-sin-^{A*/(a^ + /01. 

(8) By Art. 718 (3) (1 + j') « - V9.^ = (1 + /) ^ "Pi'*'^ 
/. pq (r — ^) + (2' —p^) 5 = 0, the first integrals of which are 

^-yplS^fipli) (1), ^ = 0(/ + 2') (2). 
For a surface of revolution z=F(x*+y')f 

/. py — qx^Oy satisfying (1) vfhen/(plq) = Oj 

and y + 2* = 4 (x' +f) {F' (x' + /)}* = <^-^ («), satisfying (2). 

(9) At the point 2;' = mtan''07^'), a;' = /cos5', y=i:rs\n0'j 
shew that jo = — m sin^'/^'j q=^m cos^'/r, hence that the equations 
of the normal are 

x—r 0,0^0' — (z —mO'^m &\n0'lr, y—r sin^'= — (2; — 7W0')7w cos^'/r', 

or X cos 0' + y sin 0' = r, x sin 0' — y cos ^' = (a — mff) m j r\ 

Let ar = rcos5, y = r8in5, then r cos(0- 6') = r, and 

r sin(^ - 5') = - 7w (2; - ry?^')// ; 

therefore, eliminating r , r* sin 2 (^ - 0') = — 27w (;s — w^'), 

and, if (x, y, «?) be the point of intersection of consecutive normals, 

r' cos2 (^ - ^') = - m' = r'* cos2a), /. e' = ^ - ©, 

.-. 2; = w^' + ^772 tan2 (5 - 6^') = 7w (^ - 0)) + ^7n tan2ft). 

(10) Let (?, m, 7?) be the direction of the generator, (\, /i, v) 
and (\', /Lt', v') those of the tangent planes at A and P, and p, p' 


82 PROBLEMS LI I., LIII. 

the perpendiciikrs on them from the centre, so that from the con- 
ditions of the problem P+ \*+ V*= 1, &c. But, by Art. 720, writing 
a'^ for a, &c., the specific curvature at A =p Iol^^"^, and its square 
root 18 p/affcc p^cc W + m'A'-vV, and the sum of the square 
roots of the specific curvature cc (\* + X")a'-f ... oc (I- P)a'+..., 
which is constant for the same generator. 

LIII. 

(1)^ When the cone is developed into a plane, the part of the 
geodesic which surrounds the cone, and is terminated by the multiple 
point, forms the base of an isoscieles triangle, and the angle at the 
vertex is 2/3, where 2/9Z = 27r? sin a ; but cos 2a = J, .. sin a = J, 
hence 20 = ^w, and the two branches are each inclined at ^tt to 
the generator through the multiple point. 

(2) The principal normal of the curve coincides with the normal 
to both surfaces at every point. 

(3) By Art. 762, pD, which is ac at the umbilic, is the same 
at the extremity of the mean axis, therefore D at that point =acibj 
and is inclined to the plane of a, b at an angle 0, for which 

D~' = a-' cos''^ + c-" mn'e, or b' = a' siu^fi + c\co^'d, 

:. J* + A: = (a* + k) sin'0 + (c^ + k) cos^^, 

or is the same for all the confocals, hence the geodesies all touch 
one of the planes z = ±xtBLn6. 

(4) Follows from Art. 770, since the mean axis bisects the 
geodesic passing through it and opposite umbilics. 

(5) If dx be the angle between consecutive principal normals 

to the geodesic, by Art. 647, (c^x/^^)* = /^" + ^"*j ^^^ ^X '^ ^'^^ 
the angle between consecutive normals to the surface, whose equa- 
tion may be written 2« = cc7/>i+y*//5, ultimately, whence 

P = ocIp^, q^ylp,, and 8ec*(^x) = 1 +*>i' + 3^7/>,'i 
.-. {dxr = :^'Ip,' + y'lp: = (dsy (cos*^/p,« + 8in'^//>/), 
and p~*+a"^ = cos*^/p,' + sin*^/f^,', also f)'* = cos'^//5, + sin'^//5g, 
from which eliminate 6. 

(6) Fig. 6. Let -4a, 5J, Cc be consecutive generators of the 
torse, PQ, QR elements of the geodesic in the facets aAb^ bBc^ 
m\hfitLPQb = lBQR] iPQb^f, LQRc:='^'^d'^, ABjdy^^^p, 
AQ = t, BE^t-^dt^ .-. (< + /3f^V^)sin'f = (<-!- rfO sin (V^-i-c?V^), 

.-. prf^ sin'^ = /cos'^t?^ + rf^sin>/r. 
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(7) The geodesies make equal angles with the lines of curva 
ture, and if |^ be the inclination of an umbilical geodesic to the 
line of curvature corresponding to k^ of Art. 764, 

A-,'cos'i0 + Vsin'i^=&', or (A/- V)cos^=«=2J'-i/- V, 

where Aj', h^ are the roots of 

Let V-k^-h^^ V-L.k^^\, then (A^ - A^) cos ^ = Aj + A^, and 
(^1 + ^s)' tan'a= - 4^^^^, where h^^ \ are roots of 

and l^, = - (a' - V) (V - c') //J*. 

(8) With the notation of Art. 751, p, = ao, ^ = inclination of 
the geodesic to the generating Kne crossed, p"^ = p.^^ sin''^, and 
a'~* = /5,"*cos5sin^, /. <r//5 = tan5. 

LIV. 

(1) Let aj = be the plane of the geodesic curve; since 
x"IU=flV=z"IW, Art. 740, and x"=:0, either, i. y" = and 
5;^' = 0, .*. y' Jz is constant and the geodesic rectilinear, and therefore 
a generator; or, ii. Z7=0, that is, the surface is cylindrical. 

(2) For an umbilical geodesic pD = ac^ and at the mean axis 
p = b^ .-., in Art, 751, p^^d^fb^ p^^c^jh^ and 6* = c* cos^^ + a* sin''^. 

(3) The condition gives a'^+c'=2&^; for any umbilical geodesic. 
Art. 764, A;,* cos*fi + A/ sin'^ =■ i', and for any point in one of the 
circular sections 

r = J,.-. V + */ = «' + *'+c'-^' = 2J' and (V- A,'^) cos 20 = 0. 

(4) With the notation of Arts. 784, 785, tan^o) =m''tani/3=m'' 
and, if 6^ be the inclination required, cot^^^^m cot^a)' = ??i'. 

(5) Let be the centre of the unit sphere, and suppose B 
indefinitely near to A^ the generating line through A of the torse 
along AB is parallel to the intersection of planes perpendicular to 
Oa and Oi, and therefore perpendicular to the tangent to ab at a, 
similarly for the torse along A G. X 

(6) Let LQPQ'=^2a, lUPV=2l3, and, with the notatiojri of 
Art. 764, let k^ determine the line of curvature on which. P lies, 
.-. Aj* cos'a + k^ sin'^a = X* a constant. Art. 766, for all po'bitions of P, 

also Z;j^cos'/S+A/sIu^/3 = &', 
.-. cos'a : co8*/8 = V - k^\ : b'' - A/, A, bein^g constant. 
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(7) With the notation of Arts. 751, 764 

a-' = smdcose{plk^^-plk^') and k^' cos'S + l;' sm'dr^q^ 

.: 8in'-'6i / (2" - A,") = coa'ei (A/ - g'), 

.-. (jt/ - V) sin dcond = VIC^," + V) 2' - 2* - ^I'V}- 
Let 0^ be the semi-diameter D and OJi=D' conjugate to 
POQ, q, q' perpendiculars on the tangents at B and Q to the 
section Q OB, :. k^ + i/ = D' + 2)" ,and AjA, = i)^ = Z)' j', 

and (A,= + V) 2' - 2*- A^Ar," = 2' (i)'+ i)'^ - 2*- 2'i?' = 2* (i?" - ?'), 

'• (V ~ ^lO ^^^ ^ COS 5 = ^jO' cos (5', g'). 
Let p be the perpendicular from oq the tangent plane at Q^ 
q IS perpendicular to the osculating plane of the geodesic, which is 
parallel to the plane containing OQ and p\ .*. yl' = u4" cos(y, g), 
where A"p=Ap^ also jp' — g' cos(p', g) and, by spherical trigono- 
metry, cos {p\ q) = cos (p'y q) cos («2', q) ; 

.'. a"* = pqD' cos (5^, g) / k^^k^^ =p cos (y, g') / q'D 

=p cos(/, 2)//^ = ^" cos(/, 2)/^i> = A' I AD. 

(8) Shew that €-rj- = — 2^— = ^ = - | (r^5')=- «^", 

/. (r'^+a*)^' is constant, cos>^=y, sinyjr== \/(r^ + a!^) 6' ^ the tangent 
plane contains the generator and the tangent to the geodesic, 
/. XQLn<f) = r& jz'^rja^ sec^ = VC^' + a'O/^- 
CO) Let {x - ay^ {y - /8)'+ (z - 7)'= iZ' be the equation of the 
sphere, .-.(a; ^a)a;" + (y- /y)/ + (2-7)5" = -a;"-y'-;3"=-l,^ 

hence, Art. 740, 

(oj-a) U-\- (2/-/3) F+ (2-7) TF=p (f7^+ F^+ TF^S 

/. p is the perpendicular from (a, /8, 7) on the tangent plane. 

Geometrically. The osculating plane at P is the plane 6f a 
small circle of the sphere, whose radius is the radius of curvature 
of the geodesic, and whose centre is at the same distance from the 
tangent plane as the centre of the sphere. 

(10) Let r, r\ r" be the distances from the axis of the angles 
u4, B^ G of the geodesic triangle, OA^ OB, OG meridians through 
these angles, then, by Art. 761, 

r' smOBG=r" bIuOGB, r" mnOGA = r^inOAG, 

and 7'sinO^^=r'sinOjB-4, 

/. sin OjBOsinOCJ. sin 0^5= sinOCB sin 0^(7 sin 05A 

LV. 

(1) By Art. 778, for an umbilical geodesic /c'sin^^^H- k"cos^0=b^ 
where Jc and k" are given by the equation 

(c-i)7/Vi + (&-A;)«^/c+(c-70(i^>l) = 0, 
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•. tan'i0 = -(r-J)/(A'-J)=-.r/^' and taii'^=- 4A'A7(A'+AT, 
h' and h" being the roots of (c''b-h)flb-hz'lc-\'h(h-\-b''C)=^0^ 


(2) Writing V for g' in Art. 764, k^' cos*0 + A/ sin'^ = V, 

••• (K " KJ sin'^ cos*^ « (A-/ + V) ^' - >^* - *i'V 

= (a' + b' + 6" -x' ^ y' ^ z' ''\')X' - aW lp% 
and jp'k;'k;a'' =/ (A-/ - A/) sin ^ cos 0, Art. 751. 

(3) With the notation of Art. 774, for two perpendicular 
geodesic tangents to the same line of curvature, k^ + A/ = 23', 
where a' / (a' - q"") -H .y' / (i' - y'') + «^ / (c* - 5') = 1 is the equation of 
the hyperboloid which determines the line of curvature ; if r be the 
distance of the point P from which the tangents are drawn, 

and if one of the principal sections of the hyperboloid be a rect- 
angular hyperbola, 2q^ = 6' + c', c* -I- a'*, or a'* + 6*, /. r* = a', i*, or c'*, 
hence F must be one of the extremities of the gi*eatest or least axis, 
or it must lie on one of the central circular sections. 


(4) Shew that yx"^ xy" = or r^O' = c, 

/. l=x" + y" + z" = r" + r'd" + 4aV^ / r« 

= cy + 4aV(p-'-0/r^ 

. . cVy - (r' + 4a') = r' + 4aV. 

(5) Let the equation of the right conoid be z^f(jjJQc)^ prove 
tkat for the geodesic xx"-{-yy" = 0\ and since q^xx^yy'^ 
dqlds = x" + y'^ = (dajdsy^ :, dqjda^ dafds. 

(6) As in Art. 764, cos''^ k;' + sin' k;^ = />"' ; 

if 5 = iTr, p (V' + V) ^pjy^'^ /. 

(7) As in LIV (8) 8in^ = V(r' + a') 5' = c/V(r* + aO, let r„ 
^a» ^3 '^^ ^^^ values of r B,i A, B and (7, and Cj, c,, c, the values 
of c for the geodesies JSO, C'-4, ^jB, then sinaj = c /V{0'i* + «0) 
sina, = <^2N{Ti + «'')j and sinaj /c, = sina,/c3. Similarly 

sin/SJCg^sin/Sj/c, and sin7j/Cj = sin7jc,. 

(8) The direction of a geodesic at the point P(a:, y, «) of an 
ellipsoid x'^ja!' -{■ y'^jb^ •{■ z'^ld" Is (x', y\ «'), where x^dxjds^ &c. 
The equation of the perpendicular tangent plane is 

x'x + yy + ^'^ = V(aV *^ + J'^' " + c'z '') ; 

let the tangent PQ meet this plane in Q and draw OF perpendicular 
to PQ from the centre, then 0Q'= 7(2"+ 0F*= r<3''+ OP^-PF' 

= aV + 6*y" + c'z" + x' + y' + z'^ (x'x + ^'y + z'z)'. 
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By the geodesic equations, noticing that x^ \ y^ + 2''^ = 1, 
X ti z a th X •!" • • • XX "t~ • • • 

• . CI/ X X "f"* • •— • KXX "t* • • • ) \XX "T* • • • )a 

.'. aVa:"+...+ a:a:'+...— (a;a;'+...)6f(a:a:' + ...)/c?s = 0, 
/. ^dOQ'lds = 0, or 0$ is constant. 
This can also be deduced from Joachimsthal's theorem, for since 

/. (y'z - zyy = y" (z' + cV /i'') -f- 2" (.y' + b'z'lc') - b'c'x^x'la' 

= 6V {(1 - .xVaO (y /// 4 z'lc') - ic'V/a*} 
= cy ' + b'z" - a Wi>-^ x'-' / a\ 

.-. C'^ = a'x" + ty* + c'z'' + (j';s - .^»^ + (z'x - 0.-'^)' + (x'y - ^('a-)' 

LVI. 

(1) Take the origin in the vertex of the cone, and let AP be an 
arc s of the geodesic, PT, a tangent at F(x, y, »), =5 + 0, f, 17, f 
coordinates of T, /. f = a: — (« + c) x , |' = -r (5 + c) a;", &c. 

If jF=0 be the equation of the conical surface, xclF/dx -{-..,= 0^ 

.'. a;a3"+...= 0, also a;VH-...= 0, 

.*. |f'+...= and f*^ + V''+ ?'' = constant, proving i. 

Also fa;"4...= and a;'|'4...= 0, 

.*. 03'!+.. = constant, proving ii. and fa:;"+...= 0, proves iii. 

(2) The directions of the normal at P(x^ y, 2), the tangent to 
the geodesic, and the perpendicular to both, arc ( pxjd^ pylh\ p^jc^)^ 
(x\ y\'Z^i and (?, ?w, «), hence, by Art. 146, 

X =^mpzlc^ '>^npyj}/ and \~*^(x^ja^+...)p'^j 

... arh'c'jX'^ Vc\mzlc^- rtylby+ cV (w.x/a*- Zi5/c')'+ a'6' (/# - f/^ir/aO' 

= fV + 7n'b^ + wV - ?V - mY - 72V - 27nnyz -..., 

... (P + 7n* + w^) a'bVjX' = Pa' + w'J' + nV - (Za; + my + w^)'. (1) 

But, (Z, ?«, w) being the direction of the generating line of the 
scroll, lx-\'my'\-nz=p\ and / V + wi^i' + ?? V =y '** ; /. (I) gives 
the theorem as corrected in the errata. 

(3) Let PT^ QT be geodesic tangents to an arc PQ of the 
curve, Sm the angle between the tangents which is ultimately the 
angle of geodesic contingence; by Art. 761, rsin6^ is constant 
throughout the geodesic ; if r\ ff be the values of r and 6 at T 
in Pl\ r\ 6' + 8m are those at T in Ql\ 

,\ r sin 0' = r sin 6, and r sin (^' + Bu) = r sin ^ + 8 (r sin d), 

or sin(5' + 8M)/sin^' = 1 + 8(?*sin^)/r sin^j 

.'. ultimately du cotff = d (r sin 6) j r sin 6. 
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(4) The cusp is where -^=0, and tne tangent at the cusp is the 
axis of the generating curve; take Oz the axis of revolution, at a 
distance 2c from the cusp, and let (r, 0^ z) be any point in the 
surface; c?r = rf5cos^ = 2ctan^ seo^rfi/r; 

.*. r = 2c seci^, also dz = dr tan yJTj 

hence 1 = r'd" -^r'U z"" = r'ff^ + r" sec>, 

and by the property of a geodesic on a surface of revolution 

/. {drjdey = 4c' (r'ja^ - I), /. e'^^'l^ + e'^''^^ = 2r/a. 

(5) At any point (p, <^, z) of the surface, 2p/c = e*^'' + e"*^*, 
whence dz^cdpl*J(p^ -c'). / 

For any curve traced on tlie surface, if <f>' ^d<f>lds, &c., 

and for a geodesic p^i' = constant = kc suppose, 

.-. p*0- = AV{^- + p"/(p»^cO}, 

hence, for the projection, (d<f>ldpy (p* - c') (p* - AV) = AV, 

let c = p sin X, 6?<^ = A:rfX/V(l — A*sin*X), 

/. X = am(^/A', A'), c = p 8n(^/A:, A;). 

(6) Let the equation of the spheroid be r*/rt* + ^'/c*= 1, 
.*. rr'/a* + zz' jc^ = 0, where r denotes drjds^ &c., and for a geodesic, 
r'6' = bjSL constant ; 

l^T'e" + r"^z'Undr"ie"^(drldey = r'lp'^r\ 

, . r*lb' = r' + (r'lp' - r*) (I 4- cVja^z'), 

or p' (a' - r' + AV /a*) = h' {a' -r\l- c'la')} (1), 

Let C be the centre of the elliptic base of a cone whose vertex 
is Fand axis FC, and let CY be perpendicular on the tangent PY 
to the ellipse, FY is perpendicular to FY; PFwill be the tangent 
to the curve traced by the perimeter of the ellipse on the plane on 
which the cone rolls, and if VF=rj VY^p^ VC^h^ and a, ^ be 
the seoii-axes of the ellipse, 

Cr ^r'^V and GY' =/ - }i\ 

.-. ( p' - A') (a' + iS' + A- - r*) = a*/8', 

which is of the same form as (1), and a, ^8, h can be found so that 
the curves are the sajne. 

(7) Let (r, 5, «) be the point /S in cylindrical coordinates, where 
S is the focus of the ellipse rolling on OZ and touching it at P, ^ 
tbe inclination of SPto OZ] the tangent to the roulette is perpen- 
dicular to /SP, .'. dz = dr tan^ ; and, writing r for drjds^ &c,, 

l=r''5'« + /'' + 2;'* = r'^e'*-fr"8ec'(^. (l) 
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By tKe geodesic property r'^' = constant = a sin 7, (2); also 
^ (a + /3) and ^/(a0) being the semi-axes of the ellipse, 

a;3/r' = (a-f/S)/iSP-l; /. (a + /3)r-^sin^ = a/Sr-' + l, 
(a+/9)'r-^ cos«* = (a+i8)» r^^- (a/3r-'H-iy=a'/3^ (r'"^or')(&''^ O, 
by (1) and (2), 

(dey {r' (a sin 7)"= - r'} = (dr)' (a^' + fi-J r'l(f' - a") (/S'^ - O- 

Let sin^^ (/3-^ - a"^) = r"- - a'^ a cos'.^ {^^ - a"*) = /3'^ - r'S 

sin ^ cos -^ d^i^ (^8*' - a"^) = — rfr . r*^ ; 

.% {dey {a-' cot'7 - (/T' - a") An'^\ = (a^^ + ^y {df)\ 

and fid ^Jdyjr 1^/(1 -- i' sin'^r) ; /. r"' = a'^ cn^M^) + fi'" ^n\fi0). 

(8) For the helicoid let a; = rcos^, y=rsln^, z^mffy hence, 
for the geodesic, x" jmy^y" l-mx^z" jr^^ :,xy' -yx" -^mz" ^0^ 
and {r^ + m^) ff = 6, see problem LIV. (8) ; 

and {drjdey,^ (/ j Oy ^ (r' -^ m') (7^' + m' ^b') j b\ 
i. i<7W, let r = ?wcot^, Jy/V(^' + ^0="" c^sec^tZ>|r; 
... (a- ^)/A-=/c?^/V(l -it^ sin't), & = i/w, 
hence r tn {(a — ^) / A*} = m. 

ii. J > wi, let r = V(&' - ^') sec tfr, drj^Jiif + m' - i') = sec ^ cZi/r, 
/. e-a-^jb ^ecylrdyfrlAJib* sec^ - w' tan*i/r) =/t?i|r/V(l - A' sin'^), 
wliere k^mlb, :, rcn{6-a)=^m^(l-k'^)lk. 

LVII. 

(1) Writing /3 and 7 for a' - 6* and a' - c*, and eliminating ^, 

2^ ^ gj^'^^ , 2gVc^~ 1 ^ 2 Cyyy- ^Vc^ ) , 

^^ry -ry - ^ ^-7 

Let r=K^>'+^0, i()847)=«-/A and i(7-^)=y-F=-(c'-A0 5 
' .-. x'ja' (a' - AO +y /i' (i^ - A:') + z'lc^ (c* - A'O = 0. (2) 
Multiply (2) by k' and add to (I), /. a;V(a'- A;*)+...= l. 

(2) Using the notation of Art. 810, shew that 

sin a^lCK'-^ \\dp) +. . .= (lX\ +...)dp] 
.\ d^-'TPdp^ and similarly /J = - TQd^ ultimately, 

(3) By Art. 803 the condition that the curves {p) may be chief 
curves is Aa + BS>" + C7" = 0, and that the same curves should be 
geodesic, the condition is, by Art. 805, {Fa - G^a)a"+...= 0, the 
two conditions not being generally the same. 
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(4) With the curvilinear coordinates used in Art. 831, 

P being a function of/? only, therefore in the equation of a geodesic 
line in Art. 805, E^^\G==\,E^^ 20/3^, 

.-. 2y3' (pY - qY) - 2^/3,2y' =0. (1) 

Since the line of striction makes a constant angle with the gene- 
rators dq^ = G0dp^ :, hgq^ - logp' = log(7+ log/8, 

which compared with (1), shews that such a line of striction is a 
geodesic line. 

(5) See first paragraph of Art. 833. 

(6) The tangent plane at any point of a generating line Aa 
depends only on the position of a consecutive generator Bb ; hence 
a twist about Bb in the deformation does not change the relative 
positions of the tangent planes. 

(7) In the differential equation of Art. 805, shew that E=^ sin'^, 
0=lj F=^0^ and that the equation becomes, if p be made the 
independent variable instead of t, 

2 sin*2 ^^ilQ^pY "• ^ s^^'? cos J - 4 sinj cosj (dqjdpy = 0, 
^ da d'g , ^ fdgV ^ . dq 

.'. cosec*^ (dqjdpy = — cosec'j + cosec'a, 

.*. /7 — 7 = - /cf cot 2 / VC'^ot'a — cot* j) = cos"* (cot q tan a), 

.'. C08(p — 7) = cotg'tana. 

Let Pbe the pole, and PB the first meridian, and let the longitude 
and co-latitude of Q heLBPQ-^p and PQ=q^ those of -4, iBPA^y^ 
PA=a] /., in the spherical triangle PAQ, co& APQ= cot PQta,n PA j 
.*. QA is a great circle perpendicular to PA. 

LVIII. 

(1) Since a , ff are functions of a and /S, 

which is trae for an infiaite number of values of da: dffj 

•*• [da) ■*■ \da) ~ [d^J '*' U/3 j ' da d^'^ da dfi 

T , d&' da' dff dd , da! ^ da! ^d^' 

N 


= 0. 
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k»« iii^^^iiM^., ... ..+;3'.-=/(.+*-).. 

^ This theorem does not depend on the network upon the surface 
being of squares^ it may be of any similar rectangles. 

(2) Take /?, q elliptic coordinates of any point on the ellipsoid, 
H^ K are the reciprocals of the principal radii of curvature, corre- 
sponding to p and q constant. 

By Art. 789, P' ^p (p -q)l4.(a -hp) (h +/>) (c +;?), 

by Arts. 291, 720, jr= s/{abc)lphq\ H= V(«*c)/j?i^, and, by Art. 
810, r=0. The equation (7), Art. 816, becomes K^P^{K"E)P^^O 
and is satisfied by the above values of -H, K^ and P. 

(3) In this system of coordinates, the position of any point P 
in the hyperboloid is given by taking two fixed generating lines of 
opposite systems Oif, 0^, and drawing through P two generators 
PJf, PN\ the position of P is given by the values OM=^p^ 0N= q. 

The equation of a plane curve must be such that for a given 
value of p there is only one value of g and vice versd ; the equation 
must therefore be of the form proposed. It should be observed, 
however, that the equation appears in this form only for a particular 
method of determining the generating lines, any single valued 
functions of p and q might be substituted for p and q respectively. 
Thus, as in Art. 214, if 

a5=acos(p+j)8ec(/?-j), y=J8in(p+j') sec(p— j), «=ctan(^— j), 

p and 2 constant would fix two generating lines of opposite systems, 

and, for any plane curv6, if Ax + Bi/ + Cz + D = Oy 

A' tan;? tan J + ^ tan^ 4- C^' tan j + i^ = 0. 

(4) Let the equation of the hyperboloid be (a;*+y*)/a*— «'/c*=l, 
where a = c tan )8, and let q be the length of a generating line 
between the points (a?, y, z) and (acosa, a sin a, 0), so that z=:q cos^, 
aj = acosa — gsin/Ssina, y = a 8ina + jsin/8cosa, whence 

(dsy = (dqy + 2a sin ^dadq^ (/ sin*^ + a') (rfa)', 

which can be expressed in several different forms, viz. 

i. (dsy = (dq sin/3 + aday + {(dqy + (q tan/3t?a)'} cos'^, 

which, if ada = cdp^ gives the element of an arc traced on the 
surface given by a? = g' cos j8 cos^, ^ = ? cos)3 sin^, « = cp + j sin;8, 
and constructed as follows : in Oz take OA = op = aa ; in a plane 
through Oz inclined to the plane zx at an angle p, draw a straight 
line APj making with Oz an angle ^Tr — /S, then AP generates 
a surface defined as a helicoidal surface in Art. 837. Hence the 
hyperboloid can be deformed so that the arc aa of^the principal 

* Monge ed. Liouvillej p. 572« 
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circle is bent into a straight line^ and the generating lines of the 
hyperboloid become those of the surface. 

ii. (c&)' = (dj + arf;?)» + (j* + a'cot'fl)(rf^)«, 

where 2? = a sin /3, in this form c& is an element of an arc described 
on a surface for which 

dx^ — (dq + adp) sinp — j cos;? dp^ or a? =? - j sinp + d cos;?, 

dy = -'(dq-\-adp)GO^p-\'qAjipdpj or y = — j cosp — a sin;?, 

dz^acot^dpj or « = a cot /S;? = aa cos ^, 

thus the arc aok of the circle is bent on the arc of the helix whose 
pitch is ^TT — /S. 

iii. (day = ((f sin'/S + a«) {da + a sin /8 dql(q' sin'y3 + a')}" 

+ (^ST (^ sin'y3 + a» cos'/8) / (q' sin*/3 + a'), 

or, since a=c tan/S, =(^+c'sec'/3)(rf;?)*+(rfj)'(2'+c')/(2'-hc'sec'/3), 

where t?p = sin^ {cfet + c RGG^dqKq^ + c" sec*/3)} ; 

let q* + c* sec'/S = r* ; 

then ((&)' = r'rf/ + (cZr)' {1 4 c'l(r' - c' sec'/3)} 

= (re^)' + (dr)* + {dx)*^ where r = o sec ^ cosh (xlc)y 

and p = sin/8 {a + tan"* (j cos/S/c)}, 

shewing the applicability to a surface of revolution, 

V(y* + «*) = c sec/8 cosh (a?/c). 

j=:0 corresponds to the principal circular section of the hjrper- 
boloid, and also to that of the surface to which it is applied, on 
which it extends over an angle 27r sin^. 

(5) See fig, p. 350. A surface of revolution into which the sphere 
may be deformed is that generated by double A'D'JS' not unlike 
the arc of a circle, OE' being the half-chord and OA' the versed- 
sine, 0E'> OA and OA'<OA. 

Figure p. 351. A zone of the sphere may be deformed into 
a portion of a surface of revolution generated by double A'F'y which 
resembles a semi-ellipse, revolving about OUj the semi-axis being 
less than OE and the greatest radius OA* greater than OA^ the 
latitudes of the bounding small circles of the zone being not greater 
than sin"* (0^/0^')* 

(6) Let the surface be referred to the tangent plane and principal 
normal planes as coordinate planes ; near the origin its equation 
is 2z = ax* + by'» Let s be the small arc of a geodesic through O, 
whose tangent at makes an angle a with Oxy then, denoting 
dxids by x\ &c., a' = cos a and y' = sin a, when « = ; 

z* =^ axx' -{■ byy' and z^' ^a(xx'* + x'^} + b(i/y" + y'*); 

hence, when 8 = 0, «' = 0, z" = a cos'a + b sin'a. 

♦ Cayley, ifesf. of Math. y vol. vi. p. 88, 
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Sy the equations of a geodesic 

aj" + ax7!' = 0, /. x* + axz'" + aaj'«" = 0, 

hence, when 5=0, »" = 0, a;'" = — a cos a (a co8*a + 6 sin'a). 

Hence, if (f, 17, ^) be the extremity of the radius p of the 
geodesic circle, along which s is n^easured, by Maclaurin's theorem, 
neglecting terms in />*, 

f = p cos a — Jp' (a* cos^a + aJ coda sin'a), 

similarly 17 = p sin a — ^p' (6" sin'a + aft sin a cod*a), 

and f =^p'(acos*a + 6sin*a). 

Let dq^ be a small arc of the geodesic circle, the extremities 
corresponding to a and a + c?a, 

d^jda = — p sina + Jp' {3a' cos*a sin a + aJ (sin'a — 2 siu a cos'a)}, 

drjjda = p cosa — Jp' {36* sin^a cos a + a6(cos'a — 2 cos a sin*a)}, 

d^jda = p^Q> — a) sin a cos a ; 

/. (dfcr/ffa)'=p'— Jp*aJ(sin*a+cos*a-4 sin'a cos'a) — 2p*a6 sin'a cos'a 

= p' (I - y'ai), 

and the perimeter of the circle is 27rp — ^m-p^ab.* 

On deformation of the surface, the circle remains a geodesic 
circle, with the same radius, therefore the specific curvature at Oj 
which is aft, remains unaltered. 

The area of the geodesic circle is 

/.•V/ dsdas(l- is'aft) = TTp^ (1 - hp'ah). 

(7) By Art. 832 the change of the angle of contingence of the 
normal section pc^rpendicular to a given generating line is ^dp^ the 
angle between consecutive shortest distances, which distanpes are 
perpepdicular to consecutive facets of the director cone. 

LIX. 

(1) Fig 7. Let aPQh be one of the curves cutting orthog^Or 
nally the generating lines of one system, AMN the particular curve 
which passes through A where 6/ = 0, ^ = 0, and let PJf, QN be 
two consecutive generators intersecting the principal circular section 
.4J5 in P', Q\ the angles A OP' and AQQ' being y and ^ + rfp; 
and since the projection of P'P on the plane A OP is the tangent 
P'T at P\ and /8 is the angle between any generating line and the 
axis 0«, P'r= £? tauiS = a tan (/>, .-. TOP = ^ and p 4- = ^. 

Let MP^q=NQ and MP'=^q\ then dq' ^NQ'-- MP' =^adp sin fi, 

.-. y'ssopsin/S; also (g' — j)cos/8 = s = acoti8tan^, 

/. tan <l> = (jqla—ps\nff) sin /S. 

/. 5 — ^ + cosec*/Stan<^ = c9sec/Sy/a. 

* See Puiseux quoted in Monge 6d. Liouville, p. 586, 
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(2) Using the hyperboloid of the last problem, 

PQ = ap8in/3, PQ' = a(p + 27r) sin/S, &c.; 
/. QQ^Q Q' =. . .= 27ra sin ^8, 
which Is independent of the position of the generating line inter- 
sected by the curve A Q, 

At Qj 25 = - P^ cos i8 = — op sin /8cos/8, 
/. x = a cosp + ap sin'/3 sinp, y = a sin^ - ap sin'^S cos/), 
/. (dsy = a' (dpy (cos*/3 +/ 8in*)8) + a* (dp)' sin'^^S cos'^ 

= «' (^i>)' (cos'iS +/ 8in*/8), 
and cot^=^sini8tan/S, /. c?s = acot'yScosec^rfcoti/r; 
/. 5 = Ja cot'/S {cot i/r cosec ^ + log (cosec i/r 4- cot •^)} . 

(3) Let the conicoid be a?*/a + y*/J + j3;*/c=l, (1), and the 
consecutive confocal x'/(a4*^) +...= 1 ; if 'bj, bt' be the perpen- 
diculars from the centre on parallel tangent planes «r'* — t3* = A-, 
hence, the distance from the point of contact with (1) to the 
consecutive confocal is ultimately vr' — zr = kl(^' + cr), which varies 
as ot"*, ultimately. 

Let the curves (p), (p'), (q)^ (j'), determine the lines of 
curvature which are the sides of the quadrilateral ; for the point 
whose elliptic coordinates are^, j, cr'Jpjssaic, and pq : pq'=pq •p'q'j 
whence the theorem. 

(4) Use the equation of the wave surface 

ax'l(fi^-a)'Vhfiy^h)-^cz^l{p'--c)^% (1), p' = a;' + / + «^ 

Let the elliptic, coordinates p, </, r be taken belonging to the 
conicoid a^/— a + y*/--6 + 5*/— o = l, being the roots of 

so that /> + J + r = « + &;- c + jo' ; (2) 
arranging according to powers of A — a, 

(A;-a)3 + P(A-cO*+ ^(&-a)-a;*(a-J)(a-c) = 0, 
/. a? (a — h) {a - c) = — (a —p) (a — ^) (a — r) ; 

and 80, by (1), -/P^^^=^^?/^--? +...= 0. (3) 

<(<-/>)(<-?)(<-r) _ J .J.G D 

^ (p'-<)(«-a)(<-6)(<-c) - t-a ■'" <-* "^ i-c p^'-t ' 

■« a(«-j>)(«-»)0^->-) r. _ />' (P' - P) (P* - g) (p' - >•) 
(p'-«)(<»-^)(«-c)'^ (p" - «) (P' - 6) (p' - c) ' 

clearing of fractions and equating the coefficients of f^ 

u4 + P+ (7-Z)=/? + j + r-a-J-c-/5* = 0, by (2); 

/. i> = ^ + JS+C^=0, by (3); 
/ /. (2? — p') (j - p') (r - p*) = 0, the result required. 
See Cayley on this equation, Mess, of Math, vol. viii. p. 191. 
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(5) dPjdt = ma {(n + i) «" + (n - 1) «"-'}, dqjdt = a*""* (^ + 1), 

Fdtldq = mt, dP/tZg =! m {n + 1 - 2 / («* + 1)}, 

.-. P ^=4mV/ («» + 1)', and i" ^= 4mVr, 

(6) By Art. 841, since in a surface of revolution of which the 
curves {p) are meridians P is a function of q on\jj ^, = 0; 
/. =25 IS a function o{ p only, which proves i., since is constant 
for the same meridian. Also ^j = mii, /, <^ = 25 = mn(^+^Q); 
,\ d^ff ccp — y for the same line of curvature, which proves ii. 

(7) Let the equation of the surface generated by the revolution 
of the hypocycloid about the axis of a? be rf + a;f = ct, where 
r'=^f + z\ Take j for the arc of a meridian measured from a 
cusp A in the axis of a; to a point P] ds slu. element PQ of a curve 
drawn through P is given by (cfe)' = (dq)* + r* (dp)*, where dp is 
the angle between the meridian planes AP^ AQ] and. r^ = -^q^lc^ 

Let r=ir' sec a, p^p cos a, 

then (dsy = (dqy + r\dpy = ldqy-{-r'\dpy; 

hence, since ^" = ^2'/c', where c' = csec'a, the given surface ia 

applicable to another surface of revolution, whose equation is 

I s s 
r'' + a:' = c , namely, a surface generated by a hypocycloid similar 

to the former whose linear dimensions are greater than those of 

the former in the ratio sec'a : 1. 

The arc of the generating hypocycloid between two cuspa 

extends, when bent along that of the new surface, only to a point 

where r =c cosa, and dr I dq^(rlc' y = co&a. (1) 

If the two halves of the first surface be bent on the corresponding 
sheets of the second surface, and the unoccupied portions be removed, 
the occupied portions can be placed together, so as to become a 
surface with an edge not cuspiaal but at which the sheets intersect 
at an angle 2a, by (1). 

(8) Using the figure and notation of Art. 831, tan7=:(j'- jj/^, 
in which as P moves along Aay /3 and q^ are unaltered, 

/. &GcUdIldt=VI^, /. dIldt:==Vcos'II0, 

and — cos*7//8' is the specific curvature at P= - (B^B^y\ 

LX. 

(1) i. Let 2>, J ; Py 2] P*y ?' 5 P'f i ^^ ^^ elliptic coordinates 
of the angular points A^ P, C7, D of the quadrilateral. 

*^ BT-MW^^M - - I III ■ .^ ■ B^ 1 " 

♦ Bour. Jour, de VEc, Pol. i. Cah. 39, p. 99. 
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A 0^'+0C'=i> + 2+/ + 2' + 2(aH-J + c)-05'' + 0i)». (1) 
ii. Let (Z, m, n) and (^r, wi', n') be the directions of OA and 0(7, 
/., by Art. 287, P. 0^* = a (a + p) (d + 2)/(a - J) (a - c), 

r. 0C« = a (a +2?') (a + q')l(a ^b)(a^ c), , 
/. Zr.Oi4.0(7=V{(a+p)(a + ?)(«+/>')(« + 2')}a/(«-6)(a-c), 
and if (\, ft, v) and (V, /a', v') be the directions of OB and OD, 

iZ'.0^.0(7=\V.05.0i>. 
Thus OA.OC{ir + mm' + nn) ^OB.OD (W + fifi' + w*), 
or OA.OCgo&AOC=OB.ODco%BOD] 
A OA* + OC^-AO'=OB' + OB''-BI)', and, by (1), ^ (7= 5i). 
iii. Let aj'/(a + r)+...=al be the confocal ellipsoid, 

then p'\-q-\'r= OA'* — a — b — C] 
.-. 0^"- 0^' = 7*, similarly for B', 0', iT. 

(2) Let the conicoids (1), (2), and (3) be respectively an 
ellipsoid, a hyperboloid of one sneet, and of two sheets, so that 
p>q>r. By Art. 296, p — j, p — r are the squares of the semi- 
axes of the central section of tne ellipsoid by a plane parallel to 
the tangent plane at the point of intersection of the three conicoids. 
Hence, by Art. 720, pglPr^(p — r)l(p — q)] similarly, since the 
two centres of principal curvature of the hyperboloid of one sheet 
are on opposite sides of the tangent plane, 

(3) By Art. 502, p"' = m' + (dujdOy + cosec'^ {duld4>)\ 

:. scc'^ = r'// = 1 + (^ hgrjdffy + cosec"^ (d logr /tZ^)' ; 

/. tanV = P^ + Q". 
In the case of the ellipsoid ax^ + by' + cz' = 1, 

r"* = sin*^ (a co8*<^ + b sin'^) + c cos'^, 

P= d logrjdd = — r* sin ^ cos ^ (a cos'i + b sin'^ — c), 

Q = cosec d logr /c?<^ = — r* sin 6 sin (p cos (j)(b^ a), 

(1 + P*) r-* = sin'*^ (a cos'^c^ + b sm'<f>y 4- c» cos'^, 

(1 + P* + e*) r-* = sin'e (a'' cos> + 6* sin*<^) + c* cos'^ ; 

... i+P«H- (2» = r»(aV+ jy + cV) = rV/ = secV. 

* 

(4) Since (q'+l)(l+pq) + (i'-'0(^-Pi)=^^i" + ^Pqj 

:.. (2* + 1) a;/a + (g' - 1) ;?/c = 2j, 
hence all the points of the striating line for which q is constant lie 
in a plane ; similarly for p ; hence the striating lines are generatmg 
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lines, and the lines of ctirvattire bisect the angles between the lines 
{p) and (q) through which thefy pass, 

/. E(dpy- G(dqy=0, Art. 796. 

Shew that (ds)' (p + q)' = a» {(q' ^l)dp + (p'-l) dq}' 

+ 46« (qdp^p dqy -[■ c« \{q' +l)dp-^ (p' + 1) dq}\ 

hence, that -E(p + j)V (a* + c') = g* - 2^^* + 1) 

(5) By Art. 831, the specific curvature at. any point (^, q) is 

"■^^/{(?—?o)'"'''^^N ^hich is iero where q — qQ is finite, but is — ^8"* 
at the point where the generating line meets the line of strictiou. 

The explanation of the discontinuity is given by making j— Jo=aj 
and the specific curvature y, tracing the curve, and observing the 
form as $ gradually diminishes. Fig. 8 represents the two forms 
when 0=1 and ^. In the general case the point of inflexion is 
where x = ^8/^5, and the radius of ©iirvature where a? = 0, y = — ^8"* 
isi/8*. 

The curves corresponding to and /9' intersect where aj' = fi^. 

(6) Fig. p. 347. The equations of a generating line Aa through 
the point (a cos ^, a sin ^, 0) are, i{ c==a tan a, 

aj = (a — «cota)cos5, ?^ — (a + ^ cot a) sin 5. 

Let (aj, y, z) and (x + Sir, y + 8^, z + Bz) be the points -4, 5' in 
which the line of shortest distance meets Aa and the consecutive 
generator Bb ; since AB' is perpendicular to Aa and Bb, 

. — Sa5COS^ + 8y sin^ + & tana = 0, (1) 

and Saj8in5 + 82^cos^ = 0; (2) 

also 8a; = — S^cotacos^ — (a— « cota) sin^e?^, 

and Sy = 8« cota sin^ + (a + z cota) co»0d6, 

by (1), 8« = - asinacosasin20rf^, and by (2), «=— atanacos2^; 

/. a? = 2a cos'^, y = 2a sin*^, are coordinates of A. 

To find the four elements of the scroll, viz. AB', B'B and the 
angles, dy^ between Aa, Bbj and rf^ between AB\ BC\ 

Sa:/cos ^ = hyj- sin O^hz tan a = — a sin*a sin25 dO ; 

.% AB''^ (hxy + (8y)' + (hzy = a» sin*a sin'25 {dOy, 

AB'= {(- 3 sin2^ cos^)* + (3 sln25 sin 5)" 

+ (- 2 tan a sin 2^)*} a* (rf^', 

.-. £'jB* = (9 + 4 tan'a - sin'a) a» sin"2^ (dOy, 

' whence £'-B=(3 + 2 tan'a)a cosasin2^rf5 = <Za-, suppose. 

The direction-cosines of -4a are -cos 5 cos a, sin ^ cos a, and sin a, 

.-. cos 6?^ = cos^'a {cos cos (0 + d0) + sin sin (^ + <Z^)} + sin'a 

= cos*a cosrf^ + sin'a, 

.-. d^ = cosarf^; similarly e?^ = sina(?^. 
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In ihti deforfmatioii pfoposed, all the generating lines are parallel 
to a fixed plane, to which the lines of shortest distances are perpen- 
dicular, and they are all tangents to a cylindrical surface whose 
base is the limit of the polygon of which the sides are projections 
of such lines as B'B on the fixed plane; hence if '^ be the 
inclination of BB' to a fixed line in the plane, the intrinsic equation 
of the base of the cylinder is dajdyp^ = (3 + 2 tan^'a) a sin (2 sec a yfr\ 
which is that of a hypocycloid ; the radii B^ r of the fixed and 
moving circles are given by 

icosa=l-2r/^, and 4r(^-r)/(J2- 2r)=:(3 + 2 tan'a)a. 

The locus or the points of contact of the generators of the 
deformed scroll with the cylindrical surface is a curve, the tangent 
of whose inclination to the base is the limit of B'B]AB\ which 
is constant. 

(7) The element {& of a curve drawn in an^ direction on the 
sphere is unaltered in length when the sphere is deformed, hence 
for all values of dp : dq ■ 

cos'2 (dpy + (dqY 

= (I + Say [cos' (j + 82) {rf (p + 8p)Y + {rf (? + Sq)]"] + (dSay, 

and retaining only the first powers of the increments Sp, Sj, Sa, 

(cos*2 Sa — sin q cos q Sq) {dpy+ cos'g dBpdp + Sa (^J?)'+ dSqdq=iO'j 

observe that dip:=dp -7-^ + dq -— , &c.,^ 

and equate the coefficients of (dpy^ dpdq and (dqy to zero, 

whence cos'jSa — sin j cosq8q + QOtfqdhpjdp = 0, 

coB^qdSpjdq + dSqldp^siOj and Sa + dSqldq = Oy (!) 

.V secqdSqldq + ts^nq secqSq^sQcqdSpjdp^Oj 

or d(&ecqSq)ldq'-secqdSpldp = 0^ 

also cosqdSpldq + d(^ecqSq)ldp=iOy and duldq^^secq^ 

,\ d{secqSq)ldu — dSpldp = 0, (2) 

d (^ecqSq)ldp + dSpfdu = ; 

• du^ ^ dp' ■" 

The most general real value of Sp is, /(z) and <)> (z) being real 
functions, f(p + iu) +/( p - iu) + i \<l> (p + tw) - <^ (p - iu)}. 

Let f(z)^C cos«« and ^{z)^D sin5«, 

8p = 2 (7 cos 5/7 cos5«u + 2iZ) cos5p sin siu 

= C cos5p {e^ + O + ^ cosip {e"^ - c*"), 

and «" = {1 + cos Qtt - j)} / sin (^tt - j) = cot (^ir - Jj), 

therefore, writing ^ for (7+ 2> and £ for C— 2>, 

ip = C0S5P [A tan* (i^r - ^j) + J5 cot* (^Tr - \q)]. 
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By (2), d (sec qZq)jdu — ''S sin sp {Ae"*" + Be^^ 

.*. secg'8g' = siiisp(-de*'" — -Be*"). 
By (1), 8a = -rfSy/rfy=sm52?sin^(^e-'-JBO 

+ Bin sp (Ase"* + -Bse*") . 

LXI. 

(1) The equations of the generating circle are 

a; = a, y* + «' = ^3^ + 7«» 
and the functional equation of the surface isy* + ^=j(/'(aj) + «<^(a;); 

1 + 22«/y - z'ly' = (^ (ar) (ygr _ »)//. 
Differentiate, with respect to y, the equation 

log (y* - «' + 22y«) - log 0? - «) = log (^). 

(2) The equations of the generating line are y = aa;, a:=±^«!+7, 
•where (I + a'') 7' = a*, .*. fiz = x- axl^(x* + y')j and ^ is an arbi- 
trary function of a or yjx] multiply by V(^' + yO/^? ^^^^ 
«/(y/^)= V(a;*+yO-a; sfcew that (/?ar+2y)/«= V(^'+/)/{V(iB'+2/')-«}• 
(3) The equation of the conoid, having Oz for axis, must be 

of the form y (a«* 4- 2y9« + 7) = cc (aV + 2^« + 7'), Art. 854, any 
plane y^mx contains the axis and two generating lines corre- 
sponding to a = «j and 2? = ^^, «j, z^ being roots of 

{ma - a ) 2* + 2 (w/S - ^') a + ^7 - 7' = 0. 

(4) The equation can be written in the form 

«' (« - a; •+ « - yV + 2«(a- «) {«-^-(«-y)}*- 2a*(2-a;)(«-y)=0 ; 
.*. (« -«?)/(« — y) =/(«) ; the required result follows, Art. 854. 

(5) The middle point of a chord inclined to Ox at an angle a 
is (acos'a, a cos a sin a, 0), and the equation of the corresponding 
sphere is a?'* + y* + «' = 2a {x cos*a + y cos a sin a), 

or ic' + y -f «* — aa; = a^ cos2a + ay sin 2a, 

for the envelope — x sin 2a + y cos 2a = 0. Eliminate a. 

(6) For the envelope, xdl-\-ydm-\-zdn=0^ ldl+mdm-]-ndn=Oj 
and \dl-\^ fji»dm-\- vdn = 0] if x-\-Al-{'B\=0 and y + -4m + 5/tA = 0, 
then z + An -^ By = 0] 

:. Ix-^my + nz i- A (r + m^ + n*) = Oy or a + -4 = 0; 

/. a:*-|-y' + s* — a* = — -B(\a; + /Lty + v«), 

Xa? + /Lty + v« = - jB (V + /ia' + v*). Eliminate 5. 

(7) Let y^lb-^z^lc = x be the equation of the paraboloid; the 
squares of the semi-axes of the section by the plane x=a are id, ca, 
and the equation of the ellipsoid of which this is a principal section 
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is (x^otyfa-^- y^lb + z*lc = a, if each of the series be similar to 
aifla + y*lb-\-z*lc = l. We have for the envelope —2 (a: — a)/a=l, 
hence the equation is y^jb + z'jc — x==la, 

(8) Shew, as in Art. 240, that the area of the section of a 
hyperboloid of one sheet, whose equation is :aa?' + Jv* + c«* = X, 
c being negative, is equal to (1 +p''/cj'\)7rX(— a6c)''«/'5J, where 
^^^-Vja-m^fb-nllc. 

Hence, when \=?=0, in which case the hyperboloid becomes a cone, 
the area of the section of the cone by the plane lx-\-my-\-nz=^p 
is TT {— abcy^ p* I 'UT^ ] and, since the volume cut oflF by the plane 
is constant, (pl'^ry is constant. Thus the equation of the cutting 
plane is lc'\-my -\-nz=p=i C s/(—ria — m^lb — n'lc)j where C is 
constant, the plane is therefore a tangent plane to the hyper- 
boloid ax* + by^ + c«* =a - C7^ 

XXIL 

(1) Shew that the equations of the generating lines can be 
put in the form mx = a« + ^c, y = ^8^ + ac, (1) 

/. 7w«aj — c^ = a («' — c*), (2) 

yz-mcx=^0(z'-c'), (3) and ^=f(-OL)i 

For any direction denoted by da^ dy^ dz on the envelope, 
Udx + Vdy + Wdz = 0, and if this be the direction of the generating 
line (1), mdx^adzy dy = 0dz, .*. aU-\-m0V'\-mW=:O, whence 
the corrected result, by (2) and (3)^ 

(2) i. The equation of the tangent plane at (a:, y, z) is 
^-z=p(^'-'x) + q(v-y)j :. px-\-qy^Z''K'^^lz''. 

To integrate this equation dx jx = dyjy = z''dzj{z'^^ - *"*0> 
.V y = our and (w + 1) log a? + log ^ =;= log (^j"" - F""*), 

ii. The intercepts by the tangent plane on Ox and Oy are 
{px-\-qy-z)]p and {px ■\- qy - z) I q, :. px=^qy^ 
. write t for y\x^ then (n + 1>5j> = (w + 1) a?"/ (^ - aj'^'V OX 
and (n+l)«"2 = a:y'(0, .V < = (w + ^)/(0//'(0-^^ 
hence f'iWit) ^\{n^-\) f\ and /(O =a«i<''^*>. 

(3) The fonctional equation is obtained from 

xjccc^d + ylcsindxl and ^s=/(«)l. 
For the differential equation 

sec 5 + (j? sec ^ tan 6 — y cosec ^ cat 0) pf («) = 0, 
cosec 0-\- {x sec ^ tan 6 — y cosec ^ cot ^) qf (z) = 0] 
:. coa0lq^sm6lp^ll.*^(p^'^q*) and (xlq']rylp)^/(p^ + q')=^c^ 


*" " • * • . 
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(4) Take Ox as the givep line, and Oz contaiDing the gi^ea 
point G where OC=^c. The equation of one of the spheres is 
a? — 27a? + y' -I- 25* = c*, and fof a surface cutting the sphere orthogo- 
nally (« — 7)p + y5'r-«=;0, 

or (jc' + c*— y* — «*)p/2a; + yj — « = 0, 

2xdxl(Q:? + c* — y* — z*) = dyjy ^dzjz^ 

:. z^tfy^ 2xdxly-(x' + c')dylf-^(l'\-a^)dt/ = Qf 

.'. (^•4-cO/y + (l + a')y = /S=/(a); 

the functional equation is a?' + c* + y* + ^j* = n/^zji/). 

(5) T][ie functional equation of the family of surfaces is 

ajVa + y/J+i5Vc=/(aj' + / + i50, 
whence (xja +j>zlc) (y + ^z) — (y/ J + J?/c) (a; +p«) =? 0. 

(6) The vertex of a cone of revolution enveloping an ellipsoid 

aj'/a' + y*/6* + «V^*~^ is on the umbilical focal conic, and its 
coordinjEites are a, 0, 7, where a*/(a*-- J') -7'/(J* — c*) = l ; the 
equation of the plane of contact is ai»/a' + 7«/c''= 1, (1). 

Hence, for the envelope, 9e?a/(a''— J*)T-7d7/(i* — c') = 0, an4 
ojrfa/a* + «^/c' = ; 

. g'a _ c>7 _ a'/(a'-y)-7'/(y-o') _.,. 
'' a:(a*-A'')""-«(i'-c')*" axla' + ryzjc' ~^ 

.•„by (1), x'(a'-F)la'-z\b'-e')lc^=l, 

the dirigent cylinder of the focal conic. 

This result follows also from the theorem that the focal and 
dirigent conies are reciprocals of each other with respect tQ the 
principal section in the plane of which they lie, Art* ^^6? 

(7) For the envelope, 

y;5 +..,=3 2a («+...) and 2ajy« = a (y« +...); (1) 

/. 4a;y«(a; +...) = (y« +...)* or 4{(y«)'*+...} = (ir'*+...)'5 

/. a-''+...-2(y«)"*-...= 0, whence aj**+y'* + «"* = 0. 
For the characteristic, 2a"^ = x~^ + y"^ + «"*, by (1), 

= a?'* + y'* + (a;"* + y"*)*, .*. a?y = a{a?+y + (a?y)*}. 

(3) Shew that the equation of the cone, whose vertex is at 
(ir, y, z) in the conicoid aa;*+Jy*+c«*=l, is af*+Ji;'+c^=2w*— 2u+l, 
where w = ai»f -[■•.., hence, for the envelope 2u=l, and a{'+...=i. 

(9) Write A, A' for the two determinants in (1), 

and A = 4a + jB/S+(77, A'=^'a + -P'/S+ (7V 
(1) (4A' + -4'A)(?a+...= and arfa + ,,.= 0; 
hence, for the envelope, 

(4A' + 4'A)/a=...=,..= 2A'A/(a*+/S' + 7') = 2w; 
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/. (A' + J5' + C) A' + (AA' + BB' + CC) A = 2m\ 

and (A" + 5" +0")^+ (AA' ^-BB'^- GC) a! = 2mA', 

the equation of the envelope is (-4-4'+...— 2?w)'c= (-4*+... )(^ '*+...), 
where A — cy — bz^ &c. ; and the equation reduces to 


xne equation or tne envelope is ^-a-A+...— :j?w/c=(^^"+... 
where A = ct/ — hz^ &c. ; and the equation reduces to 

[{x (he' - I'c) +...}* + 4m {aa' +. . .)] (a?* + y' + z^ 
= 4m* + 4m {ax +...) (a'a? +...). 


') 


(2) As in (I), writing FI for oa; + /8y + 7«, 
(ccA + -4n)/a =...=...= 2nA = 2m and .4x + £y+Cfe = 0, 
/. (-4' + £" + £7')n = 2mA and (a;' + y' + «') Ate2mn, 
hence, the equation of the envelope is 

(a;» + y' + «*) {(a^ +..,) («* +...)- {ax +...)'} =5 4m'. 

LXIIL 

(1) The equations of the two spheres are r' + 2aa:=«a', and 
r* + 2/Sy = c", and the characteristic is a circle in the plane aa; = /8y ; 
hence, p and q being the same for the spheres and surfaces generated, 

{x'\-a)dx-\-ydy '\'z{pdx-\-qdy)^0 and adx^^dy] 

:, {x + a)l3+ya + z{p0 + qa)=^O, 

.-. (a; + zp) Qxl{r' - a') + (y + zq) 2y /(r* - c') =i 1. 

The functional equation of the surface is, since a=s/(/3), 

(r'-a')/2x=/{(r'-c')/2^}. 

The algebraical form of f{u) which can give a cubic surface is 
A + Buy and the equation of the surface is of the form 

G(r'-aO/aJ + i>(r'-cO/y=l. 

(2) The functional equation of a right conoid, whose axis is Oz^ 
is JT («, yjx) = 0, and for the right conoid of the rfi^ degree, the 
equation is ^,.^*" + ^',_^*""*y +...= 0, where Z^ is any integral func- 
tion of z of the 8^ degree. 

For a given value of z^ yjx has r values, and the least value 
of n^ r is 1, otherwise z would disappear. 

(3) The equations of a generating line may be written 

w(y- 6)- w(«-c) = a {n(a; — a) — Z(« — c)}, and «B=^a; + 7y, 

and in order that this line may generate a ruled surface, /3 and 7 
must be functions of a, whence the equation given in the problem. 

(4) The directions (X, fi, v) of the tangent lines to the two 
branches of the curves of intersection with the tangent plane are 
given by XZ7=...= and Vw+...+ 2/Avw'+...= 0y and the required 
equation is the condition that the two directions should be at right 
angles, Art. 26. 
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(5) Taking tlie axis of z for the axis, and the equation z =:inx 
for that of the director plane of any conoid, the equation of the 
family of such conoids is « = mac +/(^/ic) 5 wia? •\-f(y)» 

The condition corresponding to that of (4) is 

whence shew that 2m/' (u) + 2wi {/' (u)yix + (u' + 1 4 «i*)/" (u) =0, 
thus f(u) is a function of u, only when w = 0, or when the conoid 
is a right conoid. In this case 

/"(«)//' («) = -2«/(«» + l), /'(«) = c/(«' + l); 

/. f(u) = c tan'^w = «, or y = x tan («/c). 

(6) The equations of a generating line are 

y =z aXj z = (c-- r), where r* = a;* + y*, 

and i8 =f(oi) gives the functional equation « = (c — r)f(i/lx). 
Find p and ^, and shew that px + qy= — ff (ylx). (I) 
The osculating plane of the geodesic at (x\ y\ 0) contains the 

normal, and its trace on the plane xy touches the circle^ these con- 

ilitions are represented by 

.4(a;-aj'4y«) + jB(y-y + y«) = 0, and A\x''=^B\y*\ 
:. oix + 2/'y - c' = - {px + jY) z ^.czfiy'fx'), by (1). 

(7) The torse is the envelope of a plane which touches both 
curves, and therefore contains the tangeiits to both, these tangents 
must therefore be parallel, and their equations must be 

y = «ia:-f a/m, « = 0; and a? = y/w + «2a, « = c; 

bence, the equation of the enveloping plane is 

y — mx — ajm + Az=y - mx + m^a -f -4 (« — c) = 0, 

80 that Ac — m^a^ajmj and the equation of the plane is 

my — m'x - a + (w' + 1) azjc = 0, (1) 

«nd from those of the next two consecutive planes 

y — 2mx 4 Sm'azjc = 0, (2) 

and — 2a;+ 6?na2?/o = or m^^cxjaz. 

The equations of the edge are obtained by substituting for m 
in (1) and (2). 

See H. M. Taylor * On the generation of a torse through two 
given curves,' Mess, of Math. vol. V. p. 1, where he gives this 
problem as an illustration. 

(8) Let x*la-\-y^lb + z*lc-l be the equation of the ellipsoid, 
and let (f , 17, ?) be the point Q in the normal at P (x, y, «), 
PQ=^\IPj then ^- x^^XxJay &c. Hence the equation of the 
locus of Q is af7(« + X)'4...= 1. (1) 

For the envelope of the ellipsoid (1) eliminate X from (1) and 
a|V(a4X)'4-...= 0, (2). By Art. 721, the coordinates f, Vi ? of 
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the two centres of curvature at P are the two sets of values of 
x(a + k}la^ &c. where a5'/(a + A;)+...= 1, or a5'/a(a + A)+...= 0, 
hence the equation of the surface of centres is found by the 
elimination of k from the equations 

af'/(« + *)*+•••=! and af /(a + *)'+...= 0, 
which proves the second theorem. 

LXIV. 

(1) The functional equation of such surfaces is 

where W= - jy ' (z) {x -/ (z)} - a'<f>' (z) {y^<f> (z)], 
hence qF {x -/ (»)} - pa' {y - («)} = ; (2) 
.-. sV {x -/ (z)} - rcf {y - ^ {z)\ + 2&» + «7p = 0, 

and tV \x —f{z)\ — «a' {y " <^ (^)} "i^^*' 4- ^J = 0> 

where i(? E — qlff (z) ■\- pd^^' (z) ; 

.-. (qs^pt)I>'{x-f{z)}-(qr^ps)a'{y-<l>(z)} + q'b'-\-pW:=^0, 

by (2) and (1), x ^f(z) = a> (ay + JV)"S 

and y - ^ (^) = J'2 (ay + J Y)"* ; (3) 

/. a'J' (jV - 2pq3 +p't) - (ay + bYf - 0. (4) 

The two first integrals of (4) may be obtained by eliminating 
separately /(«) and 4>(z) from (1) and (2), and so obtaining (3). 

(2) Let the equations of the internal and external surfaces be 

x'la' + y'lb' + z^lc'=^l±\ 

the shell being thin, the thickness at any point is X/?, which is the 
difference between the perpendiculars upon parallel tangent planes, 
hence p is constant at all points for which the thickness is constant. 
The problem is to find the envelope of the plane ?a; + wy + 7i« = 0, 
Z, 7w, n being subject to the condition 

ra' + m'b' + wV =y (P + m' + w'), 
hence l(a''-p^)lx=^m(b''-'p*)ly = n(c','-p*)lz*j 

(3)' Let Jiy'+c5''=2^ be the equation of the paraboloid, (7, m, n) 
the direction of a chord whose middle point is («, y, z) and length 
2r ; then bmy + cnz = 1 (1), and (Jm* + cw") r' = 2ic — Jy' — cz^y 
, hence the equation of the sphere whose envelope is required is 

(f - «)' +iv- yy + (?- ;r)' = r' = * (2a; - i/ - (»'), (2) 
where k'^ = Jwi' + en? ; therefore, by Art. 874, y and « being con- 
nected by (1), 

f — ^+^ = 0, (3) and (rj''y''kly)jbm=^(^-z^kcz)lcn^ (4) 
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. we have to eliminate a;, y, z from (1), (2), (3), (4) ; 

writing y' for y — «y/(l + kV) and 2?' for « — f/(l 4 A:c), 
(4) becomes (1 + A;i) y lbm = (l+ kc) z' lcn = p^ suppose, 
(1) becomes hmy' + cnz' = Z — bmfjl(l + Ai) - cnf/(l + Ac) ^ m, 
(2) becomes 

(l+Ai)y+(l+A;c)»" = 2Af+A'-A:J77V(l + AJ)-A:cf7(l + *c)Ev, 

... p { J»,w7 (1 + kb) + c'«V (1 + kc)} = M, 

p*{&W/(l +;fcj)4- cV/(l + Ac)}=v; 

/. u» = J6W/(1 + A;J) + cV/(l + kc)} V. 

Hence the envelope is a paraboloid or a parabolic cylinder ; and 
it may be shewn, since c is negative, that the paraboloid will be 
elliptic or hyperbolic, as — {brrffc + en'/ J) < or > 1. 

If the original paraboloid had been elliptic the envelope would 
have been an elliptic paraboloid. 

(4) Since ^Z7=aa:4 cy + 6'« + a", iw = «j i?/ = a', &c., the 
condition of perpendicularity of the generating lines is 

a(F' + Pr")+...-2a'FTF-...= 0. (1) 

By transformation of coordinates let the equation of the surface 
become oar* + /3y* + 7«* 4 2a 'a? 48 = 0, the condition (1) becomes 

(/84 7)(ar4aT+(7+a)/3y4(a4/3)7V = 0, 

the coefficient of «' = «(/, -i87) = a/g— A, see Art. 413, and the 

terms of the second degree are /^ (ouc' 4...) "" ^(^' +•••)» which 
with the original coordinates gives 

ij {ax^ +...-{-2a'yz +...) - A (ar'4y" 4 «*) ; 

also in (1) the coefficient of x is 

2a" (ab + ac-^ J" - c") + 2b" (cc' -4z'b') 4 2c" (bV - a'c") 

= 2a'7,- 2 (^a"4C'J"4,5'c") = 2a"/,4 dElda'\.BGe Arts. 391, 392. 

Hence, at the intersection of the given surface with the 
surface (1), 

A (x' + y' + z') - xdHlda" ^ydHldb" ^zdHldc" 
4/.rf-i,(a"*4-J'"4c"0 + ««""+...+ 2a'6V4...= 0, 
shewing that the pbints lie on a sphere. 

(5) Take the axis of revolution for that of 2, and let the 
equation of the surface be a;' + y' = 0', where <f> is any function 
of z only. The condition given is represented by 

(l + q*)r-2pqs + (l-^p')t = 0. 
X ^pd><t>', y = qH; .•.! = (/ + j') 4>' •, (1) 

= s,}xl>'+j>q(4>4>" + <t>"), 


I 

I 
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.-., by(l), 2ii>'^ + l=:<l>(l>" + (!>'% and 20'0"<^-«-20'V"= 2<^>"', 
hence ^"^-" = c"^' - ^"', and dzld^ = c((l>'^c'y^i 

(6) Let the oriffin be the vertex of the cone, (/, g^ K) the 
centre of the conicoid, a(x -/)*+...= I its equation, and 

aaj + ^y + 7« = 1, OLX + Py + 7'i5 = 1 

the equations of the planes of the sections. The equation of 
the cone is 

If the axis of z be an axis of the cone the only terms of the 
equation are those involving cc*, ^', «*, and xy ; 

••• ^f + J^^ + cA' - 1 = p, 2a/= p (a + a'), 

% = p(/3 + /3')j 2cA = p(7 + 7'), a7' + a7 = 0, /Sy -f ^'7 = 0, 

.". a'/a = — 777 = /37)8 = <r, suppose ;^ 

/. (<r+l)a = 2a//p = ^, (<r+l)/3 = jB, -((r-l)7=(7, 

where -4, -B, 6* are constants; hence the equation- of one of the 
planes is (a — 1) {Ax + By) — (<r + 1) C« = a* — 1, and the envelope 
of such planes has the equation 

{Ax^By- Gzy =^A.{Ax^- By + Cz ^ \). 
Turning the axes of x and y through an angle i2itf^(BlA)j the 
equation is [x' V(^* + B^) - Gzy = 4 [x' V(^' + B') + C« - 1} ; 

let V(^' + -B') = i> sin <^, C=i>cos^; 

/. D (x sin<j> — z cos<f>y = 4 (x sin <^ + 2 eos^ — D"^), 

In fig. 9 let OBM and BN be the lines whose equations are 

X s\n<f> — z cos = and a' sin + « cos ^ — D"^ = 0. 

Draw Pif, PAT parallel to BN and BM, then 

PM sin 20 = — «' sin -4- 2 cos 0, PA^ sin 20 = ^' sin + « co80 — 2)"* ; 

.-. i)sin20PJf' = 4PiV, 

and if /S be the focus, fi'ir* = l>8in20; the coordinates of B are 
^If^ cosec0 and J^-O** sec0, /. Oi2, which is perpendicular to 

a?' cos0 + « sin0 = O, is ^i>"*(cot0 + tan0) = i>"*/sin20; 

/. SB = 0-B, hence the directrix passes through 0. The envelope 
is therefore a parabolic cylinder whose directrix passes through 
the fixed point. 

(7) The torse is the envelope of the plane ccf +yi3t+2r5'=r', (1) 
subject to the conditions 

x^+y'-^z' — r% (2) . and ax"" + by^ + cz" = 0, (3) 

which determine the sphero-conic. (1) is the equation of the 
tangent plane at (x, y^ z)^ and if (x 4- dx^ y + dy^ z + dz) be a 

p 
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consecutive point on the sphero-conic, 

xdxl(b — c) ^ y^yli^ " a) =:^ zdz l(a — h) ; 

at the intersection of the tangent planes at these consecutive points 

(J-c)f/^H-(c^rt)^/y + (a-i)f/i5 = 0; (4) 

(1) and (4) are the equations of the generating line of the torse 
through (a;, y, z), and for the consecutive generating line 

(6-c)'|/a:' + (c-a)',;/3,'+(a-i)'_f/a'=0; (5) 

hence, by (4) and (5), at the edge of regression 

(&-c)f/aa?' = (c-a)i;/Jy» = (a-J)?/c;s' = /o, 

and, eliminating ^ from (1) and (4), 

/. , by (3), J - a = J f /oj - a 97/y = abp {x'l(b - c) - yV(c - a)] 

= ahc7^pl(b - c)(c — a)] 
:. X* ^cr^h^jQ) - a){c- a\ j/" =^ cr^ ari I (h - a) (b - c)y 

and (c - af (Jf )* + (c - hf (arif = ( J - a)* {cr')K 

(8) The equation of a sphere of the system is 

a* + y + «* - 2aa; + a*y /2a = 0, 

and that of the envelope is y {x^ + y* + 2?*) = 2aa;' ; 

hence pz = ^axfy — ar, j* = — ^^^ly' — y? 

r« = 2a/y — 1 — j?", sz^" 2axly^ - ^y, f^ = ^aa^jy* — 1 — j*. 

The differential equation of the projections of the linefi^ of 
curvature are given in Art. 718; now in this case 

{(1 + 2*) s ^pqt] * = - (1 + 2') (2axly* + pq) - pq (2ax'ly' - 1 - ^*) 

t= - 2aa;3^-' {y + 2 (pa? + qy)], 

{(l+j«)r-(l+/)«}^ = (l-f«")(2a/y-l-/).(l+/)(2a.;7y-l-2') 

= 2ay-(y'-a:' + 2'y'-ya;0, 
{p^r - (1 -f /) 8} z ^pq (2a I y - 1 -p*) + (1 + /) (2aa;/y' -^pq) 

= 2a y-* {x +p (px + gy)} ; 

hence the differential equation becomes 

(:ydx- xdy)[{y ■¥ q (px + qy)] dy+{x-\-p (px + qy)] dx'] = 0, 

therefore the differential equations of the two systems become 

ydx- ady = and (2y^+yx''—ax*)xdy'-(2y^-\-yx*-2ax^)ydx=i0, 

The integral of the first is y^^Cx, the corresponding lines of 
curvature being plane curves, and for that of the second let y = va?, 
whence (2v* + 1) x\dv + a (vdx — xdv) = 0, 

.-. v* + v'-2av/a: = l>, and y* ■\- x"" (y^ - 2ay) = Dx\ 

(9) The cubic must be supposed not to be made up of surfaces 
of a lower degree, as of a plane and cone, which may in one sense 
be called a torse. 


I 
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• 

We have to shew that the edge of regression cannot be of 
doable curvature, for in that case four generators P, Q, -B, and 8 
may be found which do not intersect, a straight line T can then 
be found which will intersect all four, and therefore will lie entirely 
on the torse ; the tangent plane at any point of P must therefore 
contain T as well as the next consecutive generator P', so thiit P' 
will lie in the plane (P, T) ; similarly for the succeeding consecu- 
tive generator, until Q is shewn to lie in the same plane, which is 
contrary to the supposition that P and Q do not intersect. 

LXV, 

(1) If tt =; 0, V = be the equations of twd of the surfaces 
satisfying the conditions, that of any one of the cluster will be 
\u-\-fiv=Oj and for its r^^ polar with respect to (a?', y', «', w')^ 
7d/u + fil/v = 0, and all the r^ polars will have a common curve, 

(2) If u = 0, V =5 0, u> =s be the equations of three surfaces 
through the points, Xw + yttv + vi£> = will be that of any other 
surface of the cluster; hence all the r^^ polars have as common 

?oints the intersections of the three surfaces i)''M = 0, i)'t; = 0, and 
>'tt7=;0, which are (n — rf in number,' 

(3) Let {x\ y, z\ w') and (a?", y\ z\ ti?") be P and Q; and let 
t«=:0 be the equation of the surface, those of {7 and F are 

(x'^+...)« = 0, and (a'"^+...)«=.0; 

the analytical statement of the theorem is 

{x'dl<h:+,..),(x'dldx+...)u=(x''dldx-\-...)(x'dldx+...)u. 

(4) Proceeding as in (3), shew that 
(xdldx+...y(x'dldx-\-...yuE(x"dldx+...y(x'dldx'k'..'yU' 

(5) Let (I, 0, 0, 0) and (0, I, 0, 0) be the points P and Q^ and 
let tt = be the equation of the surface of the n^^ degree. 

The p^^ polar of P is (dldxyu^Oy and if this surface have 
a double point at Q, its equation will have none of the four terms 
involving y*"', xt/*'^'\ zy""'^^, or wy*^^^ hence the equation m = 
will be without those involving 

ofy"^^ ary-''-^, Q^zy'^\ or of wy^\ 

The equation of the {n-p-\)^ polar of Q is {dldyy'^'^u^O^ 
which will have no terms involving aFy^ af*^y afz^ or oc^w, the polar 
of Q will therefore have a double point at P. 

(6) The equation of the cubic surface on which CD of the 
fundamental tetrahedron is a double line may be written 

jF'e a' + aJ* («y •^bz + cw) + xy (a'y + h'z + c'w) + y^ (b"y + c"z+d!'w) 

= x^ + a?*i* + xyu' + y V = 0, (I) 
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and a line through -4 (1,, 0, 0, 0) meets the surface in three coinr 
cident points given by the three equations jP=0, />jF=0, and 
]yF=:Oy where D^d/dx, Art. 909, 

.-, 3a:' + 2xu + yu' =« 0, Gx -f 'Sm = ; 

eliminating x from these equations and (1) we obtain 

y (9yM" - uu') = 0, apd u' = Syu' ; 

these equations give the six generators of the enveloping cone, 
whose vertex is A, which touch at three coincident points, forming, 
in the case of the general cubic si^rface, cuspidal edges; y = 0, and 
v^ = ^yu' give two coincident points on CD^ the remaining four 
points are the points of intersection of the two conies ^yu" ^uu' 
and w* = ^yu\ one point is on CD^ and the other three correspond 
to the proper cuspidal edges. The three points on CD are at the 
intersection of CD by the third line which, with the double line, 
makes up the section of the cubic surface by the plane A CD. 

(7) Working with the corresponding surface a;"^4-y"*+...= 0, 
or yzw-\-tixw-\'Xyw-\' ocyz=^0^ the polar conicoid with respect tQ 
(x\ y\ z\ w') is given by the equation 

(j/ + z') xw 4 (z' + jk') yw + (x + y') zw + (x' + w) yz 

+ (y' -f «?') 2f:c + («' + w?') ;i?y = ; (1) 

if this represent two planes, it must be 

i. one of the three forms, such as {Ax + By) {Cz-\- Dw) = 0, 

or ii. one of the four forms, such as x (By + Cz-\- Dw) = 0. 

i. If the terms in xy and zw be wanting, z-\-w*-=0 and x'+y=0, 
and AlB^(y'-\-w')l(p^+w')^{y'^z')l{z'^x'\ :, {z'^xy=(z'^x')% 
hence aj' = () or «' = 0; if a;' = 0, y =0 and a +m7' = 0; if «' = 0, 
w'^0 and x +y' = 0. 

ii. If the terms in yw, zw, and yz be wantipg, 

«' + a;' = 0, a?'-fy' = 0, and x-\-w' = 0\ :, -a:'=/==«'i=u?'. (2) 

The polar plane is given by interchanging dashed and undashed 
letters in (1), and its equation, by (2), becomes 3x-y^z-'W = 0. 

Writing cc/Z and x'jl for x and x\ &c., we have the four positions 
pf P and the polar plane for the given surface. 

i. supplies six more positions in the six edges, and the corrcr 
eponding polar planes a;/Z + y/wi = 0, &c. 

(8) This follows immediately from Art. 903. 

LXVI. 
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(2) Let (a, )8, 7) be a point on the surface, we have to find 
the envelope of the first polar whose equation is 

adUldx'\'^dUldi/-^ydUldz = P, , 

subject to the condition a"*/a"* + /3*"/i*" + 7'"/c*" = l, 

/. dV\dx^Pct-^\cr, &c., 




/. (acZf7/Ja;)--*+...= P™^(a"/a"+...) = ^* 

(3) The equation of the first polar is 2 \pcw (ny + mz')] = ; if 
this represent a sphere it must be the sphere circumscribing the 
fundamental tetrahedron, hence, by Art. 587, 

a'* = o-(wy +»««'), a* = o-(ric'4- ?w'), 

J' * = o- Qz' + nx\ V^G (ry + mw\ 

c'^ — G (mx' -v ly'), c' = a (rz + nw) ; 

hence mna^ -i lra* = almnr(x' jl + y' lm-\-z' In + w Jr), (I) 

y'z'a* -i- x'w'a' = axy'zw (Ijx +mly' -^ njz -\- r/w'), (2) 

and i'7?w + c"/77n-a'7wn = 2o-^7Z; (3) 

by (I), mwa' + Ira '^ = Zwi*'' + mrb' ' ^ Imc^ + nrc *==/>, 

by (2), yza^ + awa *=...=:... is the locus of the poles, 

by (3), since la^^ = pjr — a^mnjr^ 

:. lax = 6'^/n + c'*/?w + a*/r — p\mnr^ 

whence the ratios x : y' ' z' x w. 

(4) The degree of the enveloping cone is w (w — 1), the number 
of sides of the cone which meet the surface in three consecutive 
points = 71 (n - 1) {n — 2), Art. 909, the number which touch the 
surface at two points is ^n (n — 1) (n - 2) (w - 3), Art. 915. Hence 
the number of cuspidal edges of the enveloping cone, and therefore 
of cusps on the plane section of the cone, is w (n — 1) (n — 2) = cr ; 
the number of double sides of the cone, and therefore of multiple 

Joints on the plane section, is \n (w - 1) (w — 2) (n — 3) = X ; the 
egree of the plane section is w (w — 1 ), hence, by Art. 670, the 
class is n{n - 1) {w (w — 1) — 1} - 2\ — 3a- = w (n — I)*, which is also 
shewn in Art. 917. Therefore the number of points of inflexion 
of the plane section 

= o- + 3{w(n-iy-w(w-l)}=w(n-l){n-2+3(n~2)}=4n(w-lXn-2). 

(5) If CD^ an edge of the fundamental tetrahedron, lie entirely 
on the surface, the equation of the surface will be of the form 
F~x(f>+yyfr=^0^ where cj) and i/r are functions of the (n— 1)*** degree, 
which become (^^ and ^^ when ^ = and y == 0. 

Let {x\ y\ z'y w) be a parabolic point P, then, Art. 906, the 
polar conicoid Z)'* (a:'^' + ^y ) = is a cone. 
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If M,j, M„, &c. be written for d'F'ldx\ d'Fldxdy, &c. the 
parabolic points lie in the surface which is the Hessian of 

WjjOr* +...+ ^u^z +...+ 2u^^xw +...= 0, 
we have to find the points in which this surface meets GD. 

When a: =0 and ^=0, u^^^d^\ldz\ u^^^d(f>'Jdwj «^,8=^^'o/^«'i 
u^ = dyfr\ldio'y and u^=:0 = u^=iU^] hence, at the point of inter- 
section with OjD, 


11» lt> w> u 

It) tt» *^f8) 14 


e(w,,m,,-w„mJ' = 0. 


^31 ^n) ^1 

^4» **S4) ^» ^ 

Therefore CZ> touches the parabolic curve in 2 (n — 2) points. 

(6) Let (f, i;, f, oiyhe the pole of the tangent plane at the point 
(x'j y\ z\ w)^ whose equation must therefore be 

f ^ + w + s« + ^^ = ^» (0 

.". 2az'x+2bw'y' = p^^ 2bxw + 2cz'y' =: prj^ (2) 

ax' * + cy" = - 2bw'xy'lz - pf, and 2 Ja?y = p<o. (3) 

By (3), «'?+w7'®«0, and by (1), ^'f+y'i7 = 0, 

by (2), i; (a«'a?' + bwy) - f (Jar'io' + cz'y') = 0, 

/. fj (a<ofj + 6gf ) + f (617?+ Cft)f ) = 0, 

or 0) (aiy* + cf ') + 2ifi7?= 0. 

CZ) is a double line on the given surface, and, by Art. 924, the 
dass is lowered by 7.3 — 12 =9, hence the degree of the reciprocal 
i«3.2'-9=3. 

(7) and (8) A solution of these problems is given in Salmon's 
geometry of three dimensions. Arts. 588 and 598, m connection with 
which his Arts. 473 and 474 should be studied. (7) was first given 
in Camb. and Dublin Math, Jour.j vol. IV. p. 258, and (7) and (8) 
afterwards in Quart. Jour. vol. i. pp. 333 and 337. 

LXVII. 

(1) The volume is Jffdxdydz or JJJpdpdddz taken from « = 0j 
to «,, p = to 2rcos^, ^ = — ^TT to ^tt, and z^- z^^(a'>^a)xlc] 
the volume is 

(a-a')c-Y//o*cose(;p(?^ = §(a'-a')c"V,*'^8r'cos*^(?5 = 9rr''(a'-a')/c. 

(2) Let A be the area of a section of the surface by the plane 
jc + y-^.2ssp/y/3; this section, from symmetry, Is a circle, the 
distance of whose centre from the origin is p; and when x=y^Zj 
^* = X* + y -f z* = a' ; hence the volume of the surface is j^Adp. 

The equation of the projection of the section on the plane ay is 

^y + (^ + y) (;> V3 - a: - 3^) = a\ 
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turning the axes through ^tt, the equation becomes 

or 3x' - 2px y/S 4 2;?» + y» = 2 (^' - a*>, 

.-. ^VJ = 2Tr3-*(/-a'), 
hence the volume = 27r//( p* — a*) rfjp = ^tt (c — a)* (c + 2a). 

(3) The integrations are to be taken from x=^(j^-^z^)jia to x=«4a, 
from y = - V{8a^- (« ~ 2a)'} to y = + V{8a* - (« - 2a)*}, and from 
« — 2a = — a V8 to + a V8, giving for the volume v 

/|a-W«{8a«-(i5-2a)'}^ 
-which becomes, if « — 2a = a VB sin d, J2'a7^*'^ co%^Md = 8wa'. 

(4) The volume, including the part below as well as that above 
the plane of ary, is 2fJJrdrd0dZy the integrations being taken from 
z = to mr cos 0^ from r = to a, from ^ = to ^^r. 

(5) Bepresenting the bounding surfaces by cylindrical coordi- 
nates, r' :?= a^, r = a cos ^, and « = 0, the volume is /^rrfrrf^rf;^, the 
integrations from if = to r^la^ r = to a oos^, ^ = — ^tt to + ^tt. 

(6) The volume ^jjjrdrdOdz^ the integrations being taken from 
« = to \r^(a cos'd + J sin'^), r = to 2cco8^, ^s-^tt to ^^r, 

(7) Let a;'/«' + y*/** 4 «7^' == ^ ^® *^^ equation of the ellipsoid, 
x = h that of the plane of the base of one of the cones ; the area 
of the base =C{a* — V) where G is constant for all values of ^, 
the volume of the cone is J Gh (a* — A*), and that of the segment 
of the ellipsoid is 

//(7(a'-a')rfa=C{a«(a-A)-J(«'-A')} = iC(«-A)(2a'-aA-A'), 

/. the volume contained within each sheet of the cone =|(7a*(a— A), 
hence the volume between the two cones Qi) and (A') x A -^ A'. 

(8) Let p be the perpendicular on the tangent plane at the 
point (ar, y, z) at which A/S is situated, then ^8=^dxdy.<?lpz^ 
also Ap = irahc ; let j? = axy &c., 

/. A5/-4 = cdxdyjirahz = dxdy'jirz' = rdrddjir V(l — »*'), 

/. S (A5/^) = 4/,Vrfr (1 - r»)-i = 4. 

If omacosa, r = sina, y = Jrcos)8, « = crsini8, 

dydz « bcrdrdfi = Jc sina cosarfacZyS, 
and 

A8=dydz.a^lpx=abc^\nadadl3*J{9\n^a(cos^filb^ sin'^/c^^fcos'a/a'}. 
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LXVIII. 

(1) The volume is composed of four equal portions, viz. those 
for which xyz is positive. 

Let J? = r sin d cos^, y = r sin ^ sin 0, z = r cos 0^ 

.*. r = c sin^f^ cos^ sin^ cos0 is the equation of the surface. 
The volume 
. = 4///r' sin dd^ dOdr = f c'/.^'V,*'' sin'^ cos'^ sin»<jE) cos»0d^rf<^. 

(2) When y is constant the section is an ellipse 

{ax - 3/7 + {Iz - 3/7 = 2y, 
whose area is ^iry^jabj hence the volume is j\^iry^dy j ah. 

(3) Let the plane of the disc be parallel to zOx, C its centre 
on a circle in the plane xOy^ AGB the diameter parallel to Ox 
cutting Oy in M^ MP the ordinate in the plane yOz*^ and let 
lGOx^B^ :, CM=ccos0 and PM- OM-cs\n0. The portion 
of the cavity in the compartment Oxyz is generated by the part 
of the semicircle MPBy hence the entire volume is 

Sj^'d (c sin 0) {^c' (tt - ^) + ^c* sin cos 0} 

= 4c' (tf sin ^ - ^ sin ^ - cos ^ - J cos*^)^*'' = |c' (Stt + 8). 

/ 

(4) The volume fjjdxdydz will be obtained by summing- in 
the order x, y, «; the first summation gives the parallelepiped 
dxdy(z^ — z^\ «j, «, being the two values of z for given values 
of X and y ; the second gives an elliptic disc, as the sum of the 
parallelepipeds for a given value of x taken from y = y, to y,, 
^i) y» ^^^^S *^® values of y for which the parallelepiped vanishes, 
determined by the equation z^ — z^=^0* the third summation gives 
the volume, being taken from the value — ^^ to + x^ for which the 
area of the elliptic disc vanishes. 

The calculation of the values of these limits is as follows : 

cz* + 2 (ay + b'x) z + aar* -f by* + 2c xy — 1 = c(2? - «,) (« — z^\ 

whence c' (z^ - z^f = 4 {(ay + b'xf - c (ao:' + by' + 2c xy - 1)} 

= Hbc-'a')(y-'y,)(y,-y)E4.A(y^y^)(y^^y), Art. 321, 

whence u4* f y^ - yj = 4c (^ - A:r*) = 4c A (x' - a:'> 

Hence the volume =r t?^/f 2c-^^V{i(y,-y,)'-(y-i3'|-iyJ}^y 

—Xi —Xi 

(5) Let x=ax\ y^by', z=^cz\ then the volume is abcJJJdx'dy'dz\ 
the limits being those determined by the equation 

C^ +y +2;;=:r +y — «, 
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I 

or in polar coordinates r* = 1 - 2 sin'tf, hence the volume is 
abcjjy coH 0d0drd(f> = i-^abcj^^ cos0d0 (1-2 sin'^/ ; 

let \/2 sin = sin '^y 
the volume = ^''rabcj^^'^ V2 cos^yftdyft = J V2w'aJc. 

(6) Let be the angle which CP makes with the fixed diameter, 
the volume generated by the circle when its centre describes the 
arc ad0 is ultimately ira^ sm^0.ad0j and the volume required is 
4jJ^ira'sm'0d0. 

(7) Let a^r + Jy = f be the equation of the line AB cutting the 
axes Oar, Oy in A^ B; draw OY perpendicular to ABy and let rj 
be the distance from F of a point P in YA. 

An element of the surface, whose projection on lay is the plane 
element at P, = s^cydf)d^l'^(a* + J*), 

where sec7 = V{l+Ca' + y)[/'(f)]'}. 
The result is the summation from rj = - BY to YA^ f = to c. 

(8) Let p be the perpendicular from on the tangent plane 
at P, the volume of the cone, whose vertex is and base aSy is 
ipdSy hence the volume of the closed surface is JJJr cos (l>d 8. 

Let the equation of the ellipsoid be ai'la^-ht/^lb* + z^lc'=l; 
the cosine of the inclination of dS to the plane of yz is pxjd^y 
,'. pdS^a^dydzjXy Aniit y=:brcos0y a = cr sin 5, dydz=ibcrdrd0j 
and x = a V(l — ^)) hence the volume is 

^J,Vahc.rdrd0l^(l - r«) = |7raJc. 

LXIX. 

(1) Let the planes of the ellipses he ax + ^y + yzt^t 1, 

.-. p (tta:' +...+ 2fyz +...) E (ax + fly + 7«)' - a;'/a' - y'/J' - is'/c', 

/. a* " oT' z=z pu, ..., ^y=^pfy 7a = P5^j a^=^phy 

''Oi'=^pghl/ya' = p(ffhlf-^u)y&o. (1) 

Let a: = af, y^^brj, z = c^y the volume required ^JJJdxdydz 
= abcJJJd^dfjd^y between proper limits, =aJc x volume of the sphere 
f' + V + ?' = 1 out off by the cone whose vertex is the centre, and 
which intersects the sphere in planes oaf + )8Ji; + 7cf =± 1. 

Shew that this is |9raJc(l— A), where 2k is the distance between 
the planes, so that A;"^ = aV + /8'6' + 7V, 

and, by (1), dW^ffJiKgh-uf), &c. 

(2) Let a; = rcos^, « = rsin^; then (r-a)' + y'=(a^/27r)'. 
Hence the surface is generated by the motion of a variable circle, 
the plane of which turns round the axis of y, the centre describing 

Q 
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a circle of radius «, In the plane of zx, the radius being aOj^fr^ 
where 6 is the angle through which the plane has revolved from 
the plane of xy. The volume required is j^'^add.a^ff^l^w = IttV. 

(3) The equation of the ellipsoid being x^fcf -{-y^lV + s*/^' = 1> 
if y = Jsin^ cos^, « = c sin <^ sin ^, a;=:acos^, 

=8/,*7,iVic sin <l> co&'^d^d0 {cos>/a'+ (cos'^/ J'+ sin'^/c') sin'<^}. 

(4) Since the surface is closed, any straight line through 
will meet the surface in an even number of points P,, P/ ; P„ P^' ; 
...P,^, PJ. Consider any pair of points P, P', and let be a point 
in the line joining them^ and with centre and radius a describe 
a sphere; a slender cone whose vertex is will cut from the 
surface the elements dS at P and dS' at P', and from the sphere 
the element c?cr; let OP^r and OP' ^r\ rf/Scos'^/r* = c?o-/a' and 
dS' cosyjr' jr'^ ^^l^daja^^ — or + as is without or within the 
surface. Hence, summing for all the surface, ///Lt(?^cos'^/r'=0, or 
/i/a'xthe whole surface of the sphere, according as is without 
or within the surface considered. 

(5) Taking the coordinate axes as in Art. 525, let p be the 
radius of the generating circle of an intermediate anchor ring, 
p' = «' + (r — c)', the principal radii of curvature at a point P are 
p and prl(r - c), and P,"* +/>,~\ of Art. 952, is p"* {1 + (r - c)lr]^ 
hence 8^ the surface of the ring, 

= JJJdxdydz {1 4 (r - c)/r} {«' 4 (r - c)r* ; 

let aj = rco80, y = rsin^, :.dxdy^rdrdif>^ and let r — c = p cos^, 
c = p sin ^9 .'. drdz^p dp dO^ and dx dy dz » rp dp ddd^ ; 

.-. /g = j^j^j^dp d0 d4> (2p cos ^ 4 c) = 4ir''ac. 

(6) Let X = aa?', y = by'j z = cis', then the integral is 

jjjabcdxdydz'e\ 

where f is the perpendicular from (x\ y\ «') on the plane 
aX'\'by + czssO^ (1)^ the limits being determined by the sphere 
aj'*4y 4«" = 1 ; transform the axes so that Of is perpendicular 
to the plane (1), (f , i;, f ) being the point (a?', y\ «'), the mtegral is 

abcJJJe ^d^df^d^^abcj^lir^l — f')e ^c?|, which gives the result. 

(7) Let C be the centre of the sphere, a its radius, and let dS 
be a circular belt whose centre M is in CO, and radius PJf ; let 
CO^c^ OP=ry and let be the angle between CP and CO 
produced, so that r' = a' 4 c* — 2ac cos 0, then 

///(r) dS=:Jf(r) . 27ra sin ^.arf^ = ^ird I c J^jf (r) dr 

= 27ra/c {^ (a 4 c) — ^ (a - c)}, 
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where 0'(r)c=9/(r); this being independent of c, the differential 
coefficient vanishes, thence shew that, for all values of c, 

(a + c)f (a + c) +/(a ^c):={a'' c)f' (a - c) 4 /(a - c), 

where A^ Bj Gj ... are constant; 
hence r/(r) = uir+ui' + J5(r-a)" + i(7(r-a)»+... . 

(8) The equation of the surface is found in Prob. XVIII. (14) ; 
and if ar = r cos^, y = r sid^, then z = (a* — b*)c sin^cos^/a6. 

The volume is AjJr'dedz==4.JJdedzll-{-z'lc')l(coB'0la'+sin'0l^^^ 
from « = to aSc (ft''*- a"*) sin & cos ^, and from ^ = to^^Tr, let 
u = a-» cos'^ + b'' s\n% .-. {b"' - a'J sin^d cos'^ = (b'' - ti) (w - a"), 

and the volume is 2abcJ ^duju {I + ^aV (i"' - m) (m — a"')} 

= ^abc {4 logM + 20" J* (J" + a"') u - a'J'w'}*;^ 
= JaJc {8 log(a/ J) + aV (J-* - a-*)}. 
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